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Mechanics of Materials: Stress

Mechanics of Materias: Stress

The Definition of Stress

L

The concept of stress originated from the study of strength and failure of solids. The stressfield isthe

distribution of internal "tractions" that balance a given set of external tractions and body forces.

A

First, we look at the external traction T that represents
the force per unit area acting at a given location on the
body's surface. Traction T is abound vector, which
means T cannot slide along itsline of action or
trandate to another location and keep the same
meaning.

In other words, atraction vector cannot be fully
described unless both the force and the surface where
the force acts on has been specified. Given both AF

The internal traction within a solid, or stress, can be
defined in asimilar manner. Suppose an arbitrary slice
Is made across the solid shown in the above figure,
leading to the free body diagram shown at right.
Surface tractions would appear on the exposed surface,
similar in form to the external tractions applied to the
body's exterior surface. The stress at point P can be
defined using the same equation aswas used for T.

Stress therefore can be interpreted as internal tractions
that act on a defined internal datum plane. One cannot
measure the stress without first specifying the datum
plane.

The Stress Tensor (or StressMatrix)

L

......

and As, thetraction T can be defined as

. AF  4F
T= lim —=—
Ms—0As ds

il ¥
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Mechanics of Materials: Stress

Surface tractions, or stresses acting on an internal datum plane, are typically decomposed into three
mutually orthogonal components. One component is hormal to the surface and represents direct
stress. The other two components are tangential to the surface and represent shear stresses.

What is the distinction between normal and tangential tractions, or equivalently, direct and shear
stresses? Direct stresses tend to change the volume of the material (e.g. hydrostatic pressure) and are
resisted by the body's bulk modulus (which depends on the Y oung's modul us and Poisson ratio).
Shear stresses tend to deform the material without changing its volume, and are resisted by the body's
shear modulus.

Defining a set of internal datum planes aligned
with a Cartesian coordinate system allows the
stress state at an internal point P to be described
relative to x, y, and z coordinate directions.

For example, the stress state at point P can be
represented by an infinitesimal cube with three
stress components on each of its six sides (one
direct and two shear components).

Since each point in the body is under static
equilibrium (no net force in the absense of any
body forces), only nine stress components from
three planes are needed to describe the stress
state at a point P.

These nine components can be organized into the
matrix:

_ X
Trr Txp Uiz
“yx Cypr Ypz

where shear stresses across the diagona areidentical (i.e. Oy = Oyy, Oy, = Oy, and 0, = 0y;) asa

result of static equilibrium (no net moment). This grouping of the nine stress components is known as
the stresstensor (or stress matrix).

The subscript notation used for the nine stress components have the following meaning:

GET] : Stress on the £ plane along n direction.

=

Direction of the stress component.
Direction of the surface normal upon which the stress acts.
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Mechanics of Materials: Stress

Note: The stress state is a second order tensor since it is a quantity associated with two
directions. As aresult, stress components have 2 subscripts.
A surface traction isafirst order tensor (i.e. vector) since it a quantity associated with only
one direction. Vector components therefore require only 1 subscript.
Mass would be an example of a zero-order tensor (i.e. scalars), which have no
relationships with directions (and no subscripts).

Equations of Equilibrium

Consider the static equilibrium of a solid subjected to the body force vector field b. Applying
Newton's first law of motion resultsin the following set of differential equations which govern the
stress distribution within the solid,

Oy aﬁ}’r Dogy
+ + +h, =10
8 &  f
e e
B Gy = F
Boy | Ppz | Bog,
by =1
&x T Gy T &z Tz

In the case of two dimensional stress, the above equations reduce to,

S, OTpx
+ +b, =10
& Gy *
|6 B
Typ N Ty th =0
&x chy
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Plane Stress and Coordinate Transformations

Plane State of Stress

L

A class of common engineering problemsinvolving )
stressesin athin plate or on the free surface of a
structural element, such as the surfaces of thin-walled a
pressure vessels under external or internal pressure, ¥
the free surfaces of shafts in torsion and beams under
transverse load, have one principal stress that is much TJ-‘I
smaller than the other two. By assuming that this — .
small principal stressis zero, the three-dimensional g
stress state can be reduced to two dimensions. Since X l

i —

T Xy

X

the remaining two principal stressesliein aplane, 0 .y

o
these simplified 2D problems are called plane stress *
problems. I E—
Ty
Assume that the negligible principal stressis oriented e
in the z-direction. To reduce the 3D stress matrix to
the 2D plane stress matrix, remove all components T,,

with z subscripts to get,

oy Ty

where T, = Ty for static equilibrium. The sign convention for positive stress componentsin plane
stressisillustrated in the above figure on the 2D element.

Coordinate Transformations
The coordinate directions chosen to analyze a structure are usually based on the shape of the structure.
As aresult, the direct and shear stress components are associated with these directions. For example,
to analyze a bar one almost always directs one of the coordinate directions along the bar's axis.

RN RS

Nonetheless, stresses in directions that do not line up with the original coordinate set are also
important. For example, the failure plane of a brittle shaft under torsion is often at a45° angle with
respect to the shaft's axis. Stress transformation formulas are required to analyze these stresses.

The transformation of stresses with respect to the { x,y,z} coordinates to the stresses with respect to
{x.,y,z} isperformed viathe equations,
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Plane Stress and Coordinate Transformations

o+ Ty —
Tyl = * 5 LANTLIN A9 20 +Typ sin 28
oy o o — T
Tyt = IE y_ = ‘PEGSEE—TI},SiﬂEE
=.:TI +I:T.]'J —.:Txr
Ty — O
Tty :_%sin 26 + Ty £os 26

where 0 is the rotation angle between the two coordinate sets (positive in the counterclockwise
direction). This angle along with the stresses for the { x',y',Z} coordinates are shown in the figure
below,
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Principal Stress for the Case of Plane Stress

Principal Stress for the Case of Plane Stress

Principal Directions, Principal Stress

e

L

The normal stresses (0, and 0y;) and the shear stress (Tyy) vary smoothly with respect to the rotation
angle 6, in accordance with the coordinate transformation equations. There exist a couple of particular
angles where the stresses take on special values.

First, there exists an angle 6, where the shear stress T,.,; becomes zero. That angle is found by setting
Tyy to zero in the above shear transformation equation and solving for 8 (set equal to 8p,). The result
IS,

AT

_ F

tat Ef?ﬁ =

The angle 8, defines the principal directions where the only stresses are normal stresses. These

stresses are called principal stresses and are found from the original stresses (expressed in the x,y,z
directions) via,

O 0o —F :

oy LTy 2

spp=——"tE ] 21| 4o
1,2 5 [ Xy
The transformation to the principal directions can beillustrated as:

1 ‘ 5 )
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' §
J O 1"}
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Stresses in giver‘l

coordinate system Principal stresses
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Principal Stress for the Case of Plane Stress

Maximum Shear Stress Direction

L

Another important angle, 6, iswhere the maximum shear stress occurs. This is found by finding the
maximum of the shear stress transformation equation, and solving for 6. Theresult is,

T

O —
tan 26, = ——

21:1},
=8, =8, +45°

The maximum shear stressis equal to one-half the difference between the two principal stresses,

2
Sx Ty 1 O] —07
Tnaw = [T] +T:u;}= =T

The transformation to the maximum shear stress direction can be illustrated as:
Y /
a,,
¥ ‘
. /
_1-' o
) 0, +45°

O X X W, r X
el — 3 - — # -
E‘I__x. 0 /\L UIJ"J.} =
TI']'? —— iy

TJ".I /

oy

Stresses in given
coordinate system

¥

Maximum shear stress
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Mohr's Circle for Plane Stress

Mohr's Circle for Plane Stress

Mohr's Circle
Introduced by Otto Mohr in 1882, Mohr's Circle illustrates principal stresses and stress
transformations via a graphical format,

e

TX}-'

o
R

05 T avg Oy

\\H-H"'\—\_

The two principal stresses are shown inred, and the maximum shear stress is shown in orange.
Recall that the normal stesses equal the principal stresses when the stress element is aligned with the
principal directions, and the shear stress equals the maximum shear stress when the stress element is
rotated 45° away from the principal directions.

Asthe stress element is rotated away from the principal (or maximum shear) directions, the normal
and shear stress components will always lie on Mohr's Circle.

Mohr's Circle was the leading tool used to visualize relationships between normal and shear stresses,
and to estimate the maximum stresses, before hand-held cal culators became popular. Even today,
Mohr's Circleis still widely used by engineers all over the world.

Derivation of Mohr'sCircle

L

To establish Mohr's Circle, we first recall the stress transformation formulas for plane stress at a given
location,

T

g T — T
oot — - L F Cos EE—I—TI}, 2t 2
1 2 2
O —
Tyly! =—%sin 2 +T1}; cosaf

Using a basic trigonometric relation (cos?26 + sin220 = 1) to combine the two above equations we
have,
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Mohr's Circle for Plane Stress

2
+T1},

Oy T 2
&t E—

Thisisthe equation of acircle, plotted on a graph where the abscissais the normal stress and the
ordinate is the shear stress. Thisis easier to see if we interpret o, and oy, as being the two principal
stresses, and Ty, as being the maximum shear stress. Then we can define the average stress, 0,4, and
a"radius’ R (whichisjust equal to the maximum shear stress),

Tx T
Thvg = — - R=

2

The circle equation above now takes on a more familiar form,

(ﬁxr —{Tﬁvg)z -|—’|::,;.r}:.r2 ZRE

Thecircleis centered at the average stress value, and has aradius R equal to the maximum shear
stress, as shown in the figure below,

Related Topics

The procedure of drawing aMohr's Circle from a given stress state is discussed in the Mohr's Circle
usage page.

The Mohr's Circle for plane strain can also be obtained from similar procedures.

T
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Mohr's Circle Usage in Plane Stress

Principal Stressesfrom Mohr's Circle

L

A chief benefit of Mohr's circleisthat the principal stresses 0, Tx}-'
and 0, and the maximum shear stress 1,,,,, are obtained
immediately after drawing the circle, P
R
[ﬂfl,z =0 pyg TR G
Thag = & T, O avg oy
where, e
ox top Ty —0yp 2 v
Thvg = 5 = Ty

Principal Directionsfrom Mohr's Circle

L

Mohr's Circle can be used to find the directions of the principal axes. To show this, first suppose that
the normal and shear stresses, oy, 0y, and Ty, are obtained at agiven point O in the body. They are
expressed relative to the coordinates XY, as shown in the stress element at right below.

Vo
(':TJ,l .
T — Xy v
Gy _,_l Gl_ ]___
l— G"'T
TJ_,I
05 o Oy
(GF,'TXF]

The Mohr's Circle for this general stress state is shown at Ieft above. Note that it's centered at 04,4 and
has aradius R, and that the two points{ gy, T,,} and {0y, -Ty,} lie on opposites sides of thecircle. The
line connecting o, and o, will be defined as L.

The angle between the current axes (X and Y) and the principal axesis defined as 6, and is equal to
one half the angle between the line L, and the o-axis as shown in the schematic below,
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Mohr's Circle Usage in Plane Stress

A set of six Mohr's Circles representing most stress state possibilities are presented on the examples
page.

Also, principal directions can be computed by the principal stress calculator.

Rotation Angleon Mohr's Circle

L

Note that the coordinate rotation angle 6, is defined positive when starting at the XY coordinates and
proceeding to the X,Y,, coordinates. In contrast, on the Mohr's Circle 8, is defined positive starting on
the principal stressline (i.e. the o-axis) and proceeding to the XY stressline (i.e. line L,y). The angle
8, has the opposite sense between the two figures, because on one it starts on the XY coordinates, and
on the other it starts on the principal coordinates.

Some books avoid this dichotomy between 8, on Mohr's Circle and 6, on the stress element by
locating (0y, -Tyy) instead of (Oy, Tyy) on Mohr's Circle. Thiswill switch the polarity of 6, on the

circle. Whatever method you choose, the bottom line is that an opposite sign is needed either in the
interpretation or in the plotting to make Mohr's Circle physically meaningful.

Stress Transform by Mohr's Circle

L
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Mohr's Circle Usage in Plane Stress
Mohr's Circle can be used to transform stresses from one coordinate set to another, similar that that
described on the plane stress page.

Suppose that the normal and shear stresses, oy, Oy, and Ty, are obtained at apoint O in the body,
expressed with respect to the coordinates XY. We wish to find the stresses expressed in the new
coordinate set X'Y', rotated an angle 6 from XY, as shown below:

Y ¥ ¥
(':TJ 4 \ 5]
o, ‘T
Ty VAT Tynr Oy X

TIJ,
Ox ‘ X 0
E‘I__I. -
T.:lj" 'f_]_-ll--'
bX X Tyry!
o .:'—]L )
EI_J_.

Stresses at given coordinate system Stresses transformed to another coordinate

To do thiswe proceed as follows:
* Draw Mohr'scircle for the given stress state (oy, 0y, and Tyy; shown below).
* Draw thelineL,, acrossthe circle from (gy, Tyy) to (0y, -Tyy).

* Rotate theline L,y by 2*6 (twice as much as the angle between XY and XY') and in the opposite
direction of 6.

* Thestressesin the new coordinates (0y, 0y, and Ty,) are then read off the circle.
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Mohr's Circle Usage in Plane Stress

T
o_T
{G}*’,'Tx’}*’) ( X, x}-'}
'}
O5 Oy
(GF,'TW} (0, Ty, )

Stress transforms can be performed using eFunda's stress transform cal culator.
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Examples of Mohr's Circles in Plane Stress

Examples of Mohr's Circles in Plane Stress

Casel: Ty, >0and oy, >0y

L

The principal axes are counterclockwise to the current axes (because Ty, > 0) and no more than 45°
away (because oy > 0y).

RN RS

Case2: T1,,<0andoy >0y

L

The principal axes are clockwise to the current axes (because T, < 0) and no more than 45° away
(because oy > 0y).

RN RS

Y0, v
NIAS
c, v
Oy X
/ G}é__ﬂ
G, Xy e

Case3: Ty, >0and o, <oy
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Examples of Mohr's Circles in Plane Stress

T

ot
L

The principal axes are counterclockwise to the current axes (because Ty, > 0) and between 45° and 90°
away (because o, < o).

(ﬁx,Txr

oF.

Case4: T, <0andoy<oy

The principal axes are clockwise to the current axes (because Ty, < 0) and between 45° and 90° away

T

(because oy < Oy).

); ﬂ .
T GI g fE"
7 O1 \Y
(_ d_.|-'
JE GI &)
(G%TW]

Case5: Ty, =0and oy >0y

L
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Examples of Mohr's Circles in Plane Stress

The principal axes are aligned with the current axes (because oy > oy, and T,y = 0).

LIP

Case6: 1, =0and o, <oy

i e
L

The principal axes are exactly 90° from the current axes (because oy < oy and Ty, = 0).

T
Y|X,
ﬁjl,, 0, = w2
O3 15____53 Il .
(0,,0) (c.0) ¥, L&l o2 X
l“l
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Mechanics of Materias: Strain

Global 1D Strain

L

X Consider arod withinitial length L which is stretched

0 to alength L'. The strain measure €, a dimensionless
h— L —] ratio, is defined as the ratio of elongation with respect
to the original length,
x . L'—1r
0 L

o L' —

Infinitessimal 1D Strain

L

The above strain measure is defined in aglobal sense. The strain at each point may vary dramatically
If the bar's elastic modulus or cross-sectional area changes. To track down the strain at each point,
further refinement in the definition is needed.

T

- [ - Consider an arbitrary point in the bar P, which hasa
p X position vector x, and its infinitesimal neighbor dx.
0 Point P shiftsto P', which has a position vector x', after
bat—X e fon—— the stretch. In the meantime, the small "step” dx is
e stretched to dx'.
The strain at point p can be defined the same asin the
0 ...T.._lp' X global strain measure,
! ! e '— o
t—— X el o= x
A
L r
| | Since the displacement ; = x'— x, the strain can
hence be rewritten as,
. dx —dx  du
cdx %

General Definition of 3D Strain

L
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Mechanics of Materials: Strain

Asin the one dimensional strain derivation, suppose that point P in a body shifts to point P after
deformation.

Undefﬂrmﬁ/ S
S
X -

X

The infinitesimal strain-displacement relationships can be summarized as,

1| By _|_'ﬂ”,i‘

2 Iﬁ'}fj Ei‘xj

where u is the displacement vector, x is coordinate, and the two indicesi and j can range over the
three coordinates{ 1, 2, 3} in three dimensional space.

Expanding the above equation for each coordinate direction gives,

Eﬂ:% L =l @-l—% =z

Sx P2 oley ) ¥
£ =% £ =l Iﬁl_u—'—ﬁl_w =
K 8y 08z Bx =
£ =I:r:.::l_‘|.-ll-:I £ =l E—'—% ==
Z 8 LAY T

where u, v, and w are the displacements in the x, y, and z directions respectively (i.e. they are the
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Mechanics of Materials: Strain

components of u).

3D Strain Matrix

L

There are atotal of 6 strain measures. These 6 measures can be organized into a matrix (ssmilar in
form to the 3D stress matrix), shown here,

e

Engineering Shear Strain

L

T

Focus on the strain €, for amoment. The expression inside the parentheses can be rewritten as,

where Vip =&xp +E},I =2£1}, . Called the engineering shear strain, v, isatotal measure of

shear strain in the x-y plane. In contrast, the shear strain €, is the average of the shear strain on the X
face aong they direction, and on the y face along the x direction.

Y

dy i
P dx | X
Shear strain tensor is the average Engineer shear strain is the total
of two strains, i.e., shear strain, i.e.,,
g = (v dx+iuiix)/2 = e ¥ = WiEx+EUEx
Y Y Xy

Engineering shear strain is commonly used in engineering reference books. However, please beware
of the difference between shear strain and engineering shear strain, so asto avoid errorsin
mathematical manipulations.

Compatibility Conditions
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Mechanics of Materials: Strain

In the strain-displacement relationships, there are six strain measures but only three independent
displacements. That is, there are 6 unknowns for only 3 independent variables. As aresult there exist

3 constraint, or compatibility, equations.

These compatibility conditions for infinitesimal strain reffered to rectangular Cartesian coordinates
are,

SEEH _|_5IEE._P._P _ 2'5'25:[}: aEEH _ a . 5'-5},3 _|_I5IEEI +5IEI}J
5|:,,-2 B Gxch il dx Hx s Oz
E'IEE.P.F 8ey _5 5"25}’3 E'IEE.P.P _ 0| Pepr By n O xy
Az ayz Gz Gztx  Oy| dx e Oz
5'2533 " ﬁzsﬂ _5 5'2533,: 5'2533 _ & 5Eyg N Bepe 5'5:,._},
S 8z Oz Ox Oxdy k| Ox Gy s

In two dimensional problems (e.g. plane strain), all zterms are set to zero. The compatibility
eguations reduce to,

52
o+ —
By Bx Oty

Note that some references use engineering shear strain (*yl}, =Eyyp + Epy = 251}, ) when referencing
compatibility equations.
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Plane Strain and Coordinate Transformations

Plane State of Strain

L

Some common engineering problems such as a dam
subjected to water loading, atunnel under external
pressure, a pipe under internal pressure, and a
cylindrical roller bearing compressed by forcein a
diametral plane, have significant strain only in a
plane; that is, the strain in one direction is much less
than the strain in the two other orthogonal directions.

If small enough, the smallest strain can be ignored
and the part is said to experience plane strain.

Assume that the negligible strain is oriented in the
z-direction. To reduce the 3D strain matrix to the 2D

plane stress matrix, remove al components with z
subscripts to get,

fr By
fpx Ey

where €,y = €, by definition.

The sign convention here is consistent with the sign convention used in plane stress analysis.

Coordinate Transfor mation

L

T

The transformation of strains with respect to the {x,y,z} coordinates to the strains with respect to

{x.y,z} isperformed viathe equations,

The rotation between the two coordinate sets is shown here,

£y & £Er—&
P : P 2L cos28 4y 5in28
£y & £ — &
| &= a 5 y_F ¥ c&sEE—El},sinEE
=&y tep —&y
£ —
Exi},r:—%sinﬁf?—l—sl}, cog 28
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Plane Strain and Coordinate Transformations

8]
X
EI:I.-" EJ-"_}_"
%lj,r

where 0 is defined positive in the counterclockwise direction.
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Principal Strain for the Case of Plane Strain

Principal Directions, Principal Strain

e

L

The normal strains (€, and &) and the shear strain (€yy) vary smoothly with respect to the rotation

angle 0, in accordance with the transformation equations given above. There exist a couple of
particular angles where the strains take on special values.

First, there exists an angle 6, where the shear strain €,,; vanishes. That angleis given by,

251},

tan EEF =

This angle defines the principal directions. The associated principal strains are given by,

2
2
—I—E;g;

Ev +& Ep —C
ey =——"% [I ’

2

The transformation to the principal directions with their principal strains can be illustrated as:

] 5 );

Eaqs \
: 0
’ 1 €1 P | !
N
————
c

]

, xy 0
Ex L X /<F
-—l 0 —— T
£, | <
Exy 1-,1;-‘/
Cyx \
g
€y,
Strains in given Strains transformed to
coordinate system principal directions

Maximum Shear Strain Direction

L

RN RS
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Principal Strain for the Case of Plane Strain

Another important angle, O, iswhere the maximum shear strain occurs and is given by,

Ly — &
tan 26, =——

251},
=8 =8, £45°

The maximum shear strain is found to be one-half the difference between the two principal strains,

2
Ep —E —
Eynan = [—I > ‘F] Ty =l 252

The transformation to the maximum shear strain direction can be illustrated as:

% ¥ /
£y, F
EI_'_I-"I
E_I'Jr ‘""-mh_____h
Sy X —— X
—— 0 - — —
Ey U -43°
Eyy
EJ_.

Strains in given

coordinate system Maximum shear strain
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Mohr's Circle for Plane Strain

Mohr'sCircle
Strains at a point in the body can be illustrated by Mohr's Circle. The idea and procedures are exactly
the same as for Mohr's Circle for plane stress.

e

£,y
:J:_,_,._:-"_
R

1'13 EA'.-"Q 1'11
e

The two principal strains are shown in red, and the maximum shear strain is shown in orange. Recall
that the normal strains are equal to the principal strains when the element is aligned with the principal
directions, and the shear strain is equal to the maximum shear strain when the element is rotated 45°
away from the principal directions.

Asthe element is rotated away from the principal (or maximum strain) directions, the normal and
shear strain components will alwayslie on Mohr's Circle.

Derivation of Mohr'sCircle

L

To establish the Mohr's circle, we first recall the strain transformation formulas for plane strain,

e

o £, —E&
£t — A ‘Fcc:-525'+51}, sin 2F
‘ 2 2
£ — &
Expl = * 5 L sin 28 +eyp cos 28

Using a basic trigonometric relation (cos?20 + sin226 = 1) to combine the above two formulas we
have,

2

2
-I-.E“:,;P

2
£x tEy
S S X'y

2

2 |5x "5y
e i i = —
: [ :

This equation is an equation for a circle. To make this more apparent, we can rewrite it as,
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Mohr's Circle for Plane Strain

where,

2
Shve = R= ey

&y ey [EI —£y
Z

Thecircleis centered at the average strain value €4, and has aradius R equal to the maximum shear
strain, as shown in the figure below,

Related Topics

T

The procedure of drawing Mohr's Circle from a given strain state is discussed in the Mohr's Circle
usage and exampl es pages.

The Mohr's Circle for plane stress can also be obtained from similar procedures.
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Mohr's Circle Usage in Plane Strain

Principal Strainsfrom Mohr'sCircle

L

A chief benefit of Mohr's circle isthat the principal strains €, and Ex}-'
€, and the maximum shear strain €,y\ax are obtained
immediately after drawing the circle, P
R

£,2 =fayg TR e

" Max R €2 avg 1
where, [

EI +E.P -5'1- E.]'J 2 7
Shvg =T R= Ty

Principal Directionsfrom Mohr's Circle

Mohr's Circle can be used to find the directions of the principal axes. To show this, first suppose that
the normal and shear strains, gy, €y, and &y, are obtained at a given point O in the body. They are
expressed relative to the coordinates XY, as shown in the strain element at right below.

V|
£,
vl
E — 'IJ.'
M £y || L[}——F
X 9] e
— X
:—.J,I l
€5 . EJ-‘
(Eh'ﬁxr}

The Mohr's Circle for this general strain state is shown at |eft above. Note that it's centered at €44 and
has aradius R, and that the two points (g, &,y) and (g, -€,y) lie on opposites sides of the circle. The
line connecting €, and €y, will be defined as L.

The angle between the current axes (X and Y) and the principal axesis defined as 6, and is equal to
one half the angle between the line L,y and the e-axis as shown in the schematic below,
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Mohr's Circle Usage in Plane Strain

l X — {}u

A set of six Mohr's Circles representing most strain state possibilities are presented on the examples
page.

Also, principal directions can be computed by the principal strain calculator.

Rotation Angleon Mohr's Circle

Note that the coordinate rotation angle 6, is defined positive when starting at the XY coordinates and
proceeding to the X,Y,, coordinates. In contrast, on the Mohr's Circle 8, is defined positive starting on
the principal strain line (i.e. the e-axis) and proceeding to the XY strain line (i.e. line L,y). The angle 6,

has the opposite sense between the two figures, because on one it starts on the XY coordinates, and on
the other it starts on the principa coordinates.

Some books avoid the sign difference between 6, on Mohr's Circle and 6,, on the stress element by
locating (gy, -€xy) instead of (gy, €y,) on Mohr's Circle. Thiswill switch the polarity of 8, on the circle.

Whatever method you choose, the bottom line is that an opposite sign is needed either in the
interpretation or in the plotting to make Mohr's Circle physically meaningful.

Strain Transform by Mohr'sCircle
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Mohr's Circle Usage in Plane Strain

Mohr's Circle can be used to transform strains from one coordinate set to another, similar that that
described on the plane strain page.

Suppose that the normal and shear strains, €, €, and €,,, are obtained at a point O in the body,
expressed with respect to the coordinates XY. We wish to find the strains expressed in the new
coordinate set X'Y', rotated an angle 6 from XY, as shown below:

}.-
EJ"
F'I_].’.l'
—
o
:—:IJ,
EI_].’.I
EJ"

Strains at the given coordinate

Exy

c

To do thiswe proceed as follows:

ro ¥

N
£ ¥ F
1 ?.l ! e

X

Strains transformed to another coordinate

* Draw Mohr'scirclefor the given strain state (gy, €y, and &,y; shown below).

* Draw thelineL,, acrossthe circle from (g, €,y) tO (g, -€y).

* Rotate theline L,y by 2*6 (twice as much as the angle between XY and XY') and in the opposite

direction of 6.

* Thestrainsin the new coordinates (g, €, and &) are then read off the circle.
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Mohr's Circle Usage in Plane Strain

(s, ) (e o)

Strain transforms can be performed using eFunda's strain transform calculator.
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Examples of Mohr's Circles in Plane Strain

Casel: g, >0andg, >¢,

L

The principal axes are counterclockwise to the current axes (because €,,, > 0) and no more than 45°
away (because g, > €,).

RN RS

Case2: g, <0andg, >¢g,

L

The principal axes are clockwise to the current axes (because €, < 0) and no more than 45° away
(because g, > €y).

RN RS

I.?'

Case3: g, >0andg, <g,
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Examples of Mohr's Circles in Plane Strain

T

ot
L

The principal axes are counterclockwise to the current axes (because €,y > 0) and between 45° and 90°

away (because g < g,).

Case4: g, <0ande, <eg,

The principal axes are clockwise to the current axes (because €, < 0) and between 45° and 90° away

T

(because g, < gy).

¥ EI v
= 1 1"3 fE"
..-“”

":2 Q/
Ey \Y

Case5: g, =0andg,>¢,

L

http://www-ocp.wbmt.tudelft.nl/dredging/miedem...f%20Mohr's%20Circles%20in%20Plane%20Strain.htm (2 of 3) [12/13/2001 13:00:14]



Examples of Mohr's Circles in Plane Strain

The principal axes are aligned with the current axes (because €, > €, and €, = 0).

Ef‘-’}"

LIP

- YX €
Er | L |t 2
)
I &1 f'fl,,.!ﬂ]
€5 Bp =0

Case6: &y =0ande, <g,

L

T

The principal axes are exactly 90° from the current axes (because €, < €, and &,y = 0).

e
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Mechanics of Materials: Hooke's Law

One-dimensional Hooke's L aw

L

Robert Hooke, who in 1676 stated,

The power (sic.) of any springy body isin the same proportion with
the extension.

announced the birth of elasticity. Hooke's statement expressed mathematically is,
F=ku

where F isthe applied force (and not the power, as Hooke mistakenly suggested), u is the deformation
of the elastic body subjected to the force F, and k is the spring constant (i.e. the ratio of previous two
parameters).

Generalized Hooke's Law (Anisotropic Form)

mmmmm

L

Cauchy generalized Hooke's law to three dimensional elastic bodies and stated that the 6 components
of stress are linearly related to the 6 components of strain.

The stress-strain relationship written in matrix form, where the 6 components of stress and strain are
organized into column vectors, is,

gcc| 311 Sz 813 S1a S5 S ||9w
pp | [Sa1 S22 Saz B4 Sas S ||Twy

or,

where C isthe stiffness matrix, Sisthe compliance matrix, and S= C-1.
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Mechanics of Materials: Hooke's Law

In general, stress-strain relationships such as these are known as constitutive relations.

In general, there are 36 stiffness matrix components. However, it can be shown that conservative
materials possess a strain energy density function and as a result, the stiffness and compliance
matrices are symmetric. Therefore, only 21 stiffness components are actually independent in Hooke's
law. The vast mgjority of engineering materials are conservative.

Please note that the stiffness matrix is traditionally represented by the symbol C, while Sisreserved
for the compliance matrix. This convention may seem backwards, but perception is not always
reality. For instance, Americans hardly ever use their feet to play (American) football.
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Hooke's Law for Orthotropic Materials

Hooke's Law for Orthotropic Materials

Orthotropic Definition

e

Some engineering materials, including certain piezoelectric materials (e.g. Rochelle salt) and 2-ply
fiber-reinforced composites, are orthotropic.

By definition, an orthotropic material has at least 2 orthogonal planes of symmetry, where material
properties are independent of direction within each plane. Such materials require 9 independent
variables (i.e. elastic constants) in their constitutive matrices.

In contrast, a material without any planes of symmetry is fully anisotropic and requires 21 elastic

constants, whereas a material with an infinite number of symmetry planes (i.e. every planeis aplane
of symmetry) isisotropic, and requires only 2 elastic constants.

Hooke'sLaw in Compliance Form

L

By convention, the 9 elastic constants in orthotropic constitutive equations are comprised of 3
Young's modulii E,, Ey, E,, the 3 Poisson's ratios vy, V,, Vyy, and the 3 shear modulii Gy, G, Gyy.

T

The compliance matrix takes the form,

LI - S T
B, B, &
R P S 0 0
Sxx B, Hy E. b
c o
Tl Y2 1 0 0 0 Y
fzz | | Ay £y E, o
Epz T pz
i’ 0 0 0 1 0 0 4
Exy 2 pg “zx
£ o
N I T R Y TR S B L
20
i 0 (] 0 (] L
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Hooke's Law for Orthotropic Materials

Note that, in orthotropic materials, there is no interaction between the normal stresses oy, o, 0, and
the shear strains &, €, €y

The factor 2 multiplying the shear modulii in the compliance matrix results from the difference
between shear strain and engineering shear strain, where ¥y =&yp +Epy = 251}, , etc.

Hooke'sLaw in Stiffness Form

L

The stiffness matrix for orthotropic materials, found from the inverse of the compliance matrix, is
given by,

T

[ 1—vpeVep  Vpr Pz Ve vy ] , )
N B, E,A B, E,A N
o Vi ViV 1— vy vy Vep TVmeVap ) ) 0 |ley
ol B A E E_A B A ”
Tzx P tY i Sz
- (] (] i EG},E (] (] .
e 0 0 0 0 23, o [N
() (] 0 () () EGI}, |
where,

I= VoV —Vpe¥ep —VerViz — Vg Vpz Vax

E By B,

A=

The fact that the stiffness matrix is symmetric requires that the following statements hold,

Vpx T VerVpz Vg + Vo Ve

By E, i B B A

Vep T Vexvep _ Vay + Ve Ve
E B4 EIEFEL

Vor TVpeVgp Vi ¥ Vez
Hy B b He Bph

The factor of 2 multiplying the shear modulii in the stiffness matrix results from the difference
between shear strain and engineering shear strain, where ¥y =&yp +Epy = 251}, , etc.
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Hooke's Law for Transversely Isotropic Materials

Hooke's Law for Transversely |sotropic
Materials

Transverse | sotropic Definition

L

A special class of orthotropic materials are those that have the same properties in one plane (e.g. the
x-y plane) and different properties in the direction normal to this plane (e.g. the z-axis). Such materials
are called transver se isotropic, and they are described by 5 independent elastic constants, instead of

9 for fully orthotropic.

T

Examples of transversely isotropic materials include some piezoelectric materials (e.g. PZT-4, barium
titanate) and fiber-reinforced composites where al fibers arein paralléel.

Hooke'sLaw in Compliance Form

L

By convention, the 5 elastic constants in transverse isotropic constitutive equations are the Young's
modulus and poisson ratio in the x-y symmetry plane, E, and vy, the Y oung’s modulus and poisson

ratio in the z-direction, E,, and v,,, and the shear modulusin the z-direction G,

T

The compliance matrix takes the form,

A v e 0 0
E, E, £
is 12
I Y 0 0 o |
Eyy Hy Ey E, T
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Exx _ Eﬁ Eﬁ E, T oz
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e 14
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Hooke's Law for Transversely Isotropic Materials

The factor 2 multiplying the shear modulii in the compliance matrix results from the difference
between shear strain and engineering shear strain, where ¥y =¢yp +Epy =28y , €lc.

Hooke'sLaw in Stiffness Form
The stiffness matrix for transverse isotropic materials, found from the inverse of the compliance
matrix, is given by,

RN RS

- l=vprvey  Vp tVgpVpz  Vep TRV ) )
By By A By B A By By A
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T pp ZTF 2TF : Z F‘E Epp
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o 2 2 2
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Czx 0 0 0 2Py 0 0|52
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E
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where,

2

b= :
By Ey

The fact that the stiffness matrix is symmetric requires that the following statements hold,

Vyp +Vep Vs _Vp TV pzVay
Ep B H By
2

Ve -I-vzﬁvﬁ _ Vep -|-va
B By Eﬁzﬂ

Vep +vﬁvzﬁ _ Vpz +vﬁvﬁz
EﬁEEﬁ‘ Eﬁzﬁ.

The factor of 2 multiplying the shear modulii in the stiffness matrix results from the difference
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Hooke's Law for Transversely Isotropic Materials

between shear strain and engineering shear strain, where ¥y =&yp +Epy = 251}, , etc.
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Hooke's Law for Isotropic Materials

Hooke's Law for |sotropic Materials

| sotr opic Definition
Most metallic alloys and thermoset polymers are considered isotr opic, where by definition the
material properties are independent of direction. Such materials have only 2 independent variables
(i.e. elastic constants) in their stiffness and compliance matrices, as opposed to the 21 elastic constants
In the general anisotropic case.

e

The two elastic constants are usually expressed as the Y oung's modulus E and the Poisson's ratio v.
However, the alternative elastic constants K (bulk modulus) and/or G (shear modulus) can also be
used. For isotropic materials, G and K can be found from E and v by a set of equations, and
vice-versa.

Hooke'sLaw in Compliance Form

L

Hooke's law for isotropic materials in compliance matrix form is given by,

e

o] (1 -y —v 0 0 e
Epp — 1 —v 0 0 0 [Ty
frz | 1| —v 1 0 0 || 7zz
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.- 00 0 0 14v 0 |5y
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Hooke'sL aw in Stiffness Form

L

The stiffness matrix is equal to the inverse of the compliance matrix, and is given by,

e

& xx =y v vy 0 0 0 lex|
& pyp v o 1l—v ¥ 0 0 0 ||5wp
Ogz B V v 1= 0 0 0 ||ezx
opz| [Av)1=2) 0 0 0 1=2v 0 0 |l
. 0 0 0 0 1-2v 0 |,
e o 0 0 0 0 1-2v)|ey |

Visit the elastic constant calculator to see the interplay amongst the 4 elastic constants (E, v, G, K).

http://www-ocp.wbmt.tudelft.nl/dredging/miedema/m...20Hooke's%20Law%20for%20Isotropic%20Materials.htm [12/13/2001 13:00:18]


http://www.efunda.com/formulae/solid_mechanics/mat_mechanics/hooke.cfm#GeneralizedHooke
http://www.efunda.com/formulae/solid_mechanics/mat_mechanics/calc_elastic_constants.cfm#Table
http://www.efunda.com/formulae/solid_mechanics/mat_mechanics/calc_elastic_constants.cfm

Hooke's Law for Plane Stress

Hooke's Law for Plane Stress

Hooke's Law for Plane Stress

L

For the simplification of plane stress, where the stresses in the z direction are considered to be

e

negligible, ozz =0 pr =05 = 0, the stress-strain compliance rel ationship for an isotropic material

becomes,
Exx (1 —v —v 0 0 1[oxx]
Epp - 1 —v 0 0 0 & pyp
fzz| 1l —v 1 0 i ()
gpz| E[0 0 0 14v 0 0
- R B o 14v 0
23 R B 0 0 14w Oy

The three zero'd stress entries in the stress vector indicate that we can ignore their associated columns
in the compliance matrix (i.e. columns 3, 4, and 5). If we also ignore the rows associated with the
strain components with z-subscripts, the compliance matrix reduces to a simple 3x3 matrix,

Exre 1 1 = 0 ||loo
£pp =E — 1 y] T pp
29 0 o 14w o

The stiffness matrix for plane stressis found by inverting the plane stress compliance matrix, and is
given by,

. P [ C N O | -
T yy =1_P3 v 10 ey
o] 0 0 1—1:_5:?

Note that the stiffness matrix for plane stressisNOT found by removing columns and rows from the
general isotropic stiffness matrix.

Plane Stress Hooke's Law via Engineering Strain

mmmmm
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Hooke's Law for Plane Stress

Some reference books incorporate the shear modulus G and the engineering shear strain vy, related to
the shear strain gy via,

Vi =Exp —|—ny =251},

The stress-strain compliance matrix using G and vy are,

1 ¥ 4
£y & & Ty
| v 1 0
wITITE T “yy
Loy T
S I T R
&)
The stiffness matrix is,
Ji) v 0
- 2 2 _
oy 11—y 1—w Ere
- v Ji) ol
K l—v2 1—1}2 H
oy 0 0o all'w
The shear modulus G isrelated to E and v via,
. Il
Elil—l—v:l
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Hooke's Law for Plane Strain

Hooke's Law for Plane Strain

Hooke's L aw for Plane Strain

L

For the case of plane strain, where the strains in the z direction are considered to be negligible,
(1, the stress-strain stiffness relationship for an isotropic material becomes,

e

feg =fpr =8z =

T l—v ¥ v 0 0 0 Jleec
“ry v o l-v v 0 0 0 ||Epy
o B V v 1= 0 0 0 0

opz| (I4v)l—2v)| 0 0 0 1-2» 0 0 ||0

. 0 0 0 0 1-2 0

o3 | () 0 0 0 N 1—2v Exp

The three zero'd strain entries in the strain vector indicate that we can ignore their associated columns
in the stiffness matrix (i.e. columns 3, 4, and 5). If we also ignore the rows associated with the stress
components with z-subscripts, the stiffness matrix reduces to a simple 3x3 matrix,

T 7 l—v v 0 e
Tpp | = o 1= EI £ pp

[l—l—vjllil—ivjl . 0 1—ov

Py |

The compliance matrix for plane stressis found by inverting the plane stress stiffness matrix, and is
given by,

£ 1—v —v Ol
e _l—I—v : . =
i i 1
| “xp | 7 |

Note that the compliance matrix for plane stressisNOT found by removing columns and rows from
the general isotropic compliance matrix.

Plane Strain Hooke's L aw via Engineering Strain
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Hooke's Law for Plane Strain

The stress-strain stiffness matrix expressed using the shear modulus G and the engineering shear

Srain ¥y =exp +Epx =24 s,

The compliance matrix is,
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Finding Young's Modulus and Poisson's Ratio

Finding Y oung's Modulus and Poisson's Ratio

Y oungs Modulus from Uniaxial Tension

e

L

When a specimen made from an isotropic material is subjected to uniaxial tension, say in the x
direction, oy, is the only non-zero stress. The strainsin the specimen are obtained by,

ghes (1 - —v 0 0 ][
& pp —v 1 —» 0 0 0 0
Sy 1= — 1 [ 0 y y
epz| E|0 0 0 14v 0 0 [0
- 00 0 0 14v 0|0
eyl L0 0 0 0 0 14v0]

The modulus of elasticity in tension, also known as Young's modulus E, isthe ratio of stressto strain
on the loading plane along the loading direction,

Common sense (and the 2nd Law of Thermodynamics) indicates that a material under uniaxial tension
must elongate in length. Therefore the Y oung's modulus E is required to be non-negative for all
materials,

E>0

Poisson's Ratio from Uniaxial Tension

T

L

A rod-like specimen subjected to uniaxial tension will exhibit some shrinkage in the lateral direction
for most materials. The ratio of lateral strain and axial strain is defined as Poisson'sratio v,

_w

v

1=

The Poisson ratio for most metals falls between 0.25 to 0.35. Rubber has a Poisson ratio close to 0.5
and is therefore almost incompressible. Theoretical materials with a Poisson ratio of exactly 0.5 are
truly incompr essible, since the sum of all their strains leads to a zero volume change. Cork, on the
other hand, has a Poisson ratio close to zero. This makes cork function well as a bottle stopper, since
an axially-loaded cork will not swell laterally to resist bottle insertion.

The Poisson'sratio is bounded by two theoretical limits: it must be greater than -1, and |ess than or
equal to 0.5,
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Finding Young's Modulus and Poisson's Ratio

—1{v£l
2

The proof for this stems from the fact that E, G, and K are all positive and mutually dependent.

However, it israre to encounter engineering materials with negative Poisson ratios. Most materials
will fall in the range,

Divil
2
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Finding the Shear Modulus and the Bulk Modulus

Finding the Shear Modulus and the Bulk
Modulus

Shear Modulus from Pure Shear

L

When a specimen made from an isotropic material is subjected to pure shear, for instance, a
cylindrical bar under torsion in the xy sense, oy isthe only non-zero stress. The strainsin the
specimen are obtained by,

T

Exr (1 - —v o o ][0]
pp —v 1 —» 0 0 0 0
Egr 1—v — 1 0 0 0
epz| E|0 0O 0 14v 0 0 [0
- 0 0 0 0 14w 0|0
e 00 0 0 0 l4v|og

The shear modulus G, is defined as the ratio of shear stress to engineering shear strain on the loading
plane,

o Trp _ Trp :’51}
Exp -I—sFI EEI}, iy
. i)
B Elil—l—vjl

where ¥pp =&pp +Epy =261 .
The shear modulus G is aso known as the rigidity modulus, and is equivalent to the 2nd Lamé

constant L mentioned in books on continuum theory.

Common sense and the 2nd Law of Thermodynamics require that a positive shear stress leadsto a
positive shear strain. Therefore, the shear modulus G is required to be nonnegative for all materials,

G>0

Since both G and the elastic modulus E are required to be positive, the quantity in the denominator of
G must also be positive. This requirement places alower bound restriction on the range for
Poisson'sratio,

v>-1

Bulk Modulus from Hydrostatic Pressure
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Finding the Shear Modulus and the Bulk Modulus

ot
L

T

When an isotropic material specimen is subjected to hydrostatic pressure o, all shear stresswill be

zero and the normal stresswill be uniform, oy =&y =0z =o . Thestrainsin the specimen are

given by,
e (1 —v —v 0 0 ||«
Epp — 1 —v 0 0 0 ||
fzz | 1|=v —v 1 0 0 0 ||
gpz| E|0 0 0 14v O o |0
Epr o0 0 0 14+ 0 |0
Exp o0 0 0 0 14| 0]

In response to the hydrostatic load, the specimen will change its volume. Itsresistanceto do sois
quantified as the bulk modulus K, also known as the modulus of compression. Technically, K is
defined as the ratio of hydrostatic pressure to the relative volume change (which is related to the direct

strains),

. o . o
CAVIV e tepy Feg
K

R,

Common sense and the 2nd Law of Thermodynamics require that a positive hydrostatic load leads to a
positive volume change. Therefore, the bulk modulus K is required to be nonnegative for all materials,

K>0

Since both K and the elastic modulus E are required to be positive, the following requirement is
placed on the upper bound of Poisson'sratio by the denominator of K,

v<1/?2

Relation Between Relative Volume Change and Strain

T
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Finding the Shear Modulus and the Bulk Modulus
For smplicity, consider arectangular block of material with dimensions ag, by, and c;. Its volume V
IS given by,

Vo = apdpeg

When the block is loaded by stress, its volume will change since each dimension now includes a direct
strain measure. To calculate the volume when loaded V;, we multiply the new dimensions of the

block,

Ve =aghpcr =lag (1+eg )] [bo(1+ep |l (1462 )]
=V {1 +exr ) (1Hepy |(14+ez)
=1 (1+.9H +epy ezt Eppnr FeazEr Tty —I-EHE},},EEE)
mlp (14 e +epp +6z |

Products of strain measures will be much smaller than individual strain measures when the overall
strain in the block issmall (i.e. linear strain theory). Therefore, we were able to drop the strain

products in the equation above.

The relative change in volume is found by dividing the volume difference by the initial volume,

AV V=1
¥ i

o] EH +E}:|}:| +EEE

Hence, the relative volume change (for small strains) is equal to the sum of the 3 direct strains.
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Failure Criteria

Fallure Criteria

Stress-Based Criteria

L

The purpose of failure criteriaisto predict or estimate the failure/yield of machine parts and
structural members.

e

A considerable number of theories have been proposed. However, only the most common and
well-tested theories applicable to isotropic materials are discussed here. These theories, dependent on

the nature of the material in question (i.e. brittle or ductile), are listed in the following table:

Material

Failure Theories
Type

Ductile Maximum shear stress criterion, von Mises criterion

Brittle Maximum normal stress criterion, Mohr's theory

All four criteria are presented in terms of principal stresses. Therefore, al stresses should be
transformed to the principal stresses before applying these failure criteria

Note: 1. Whether amaterial is brittle or ductile could be a subjective guess, and often depends on
temperature, strain levels, and other environmental conditions. However, a 5%
elongation criterion at break is areasonable dividing line. Materials with alarger
elongation can be considered ductile and those with alower value brittle.

Another distinction is a brittle material's compression strength is usually significantly
larger than its tensile strength.

2. All popular failure criteriarely on only a handful of basic tests (such as uniaxial tensile
and/or compression strength), even though most machine parts and structural members
are typically subjected to multi-axial loading. This disparity is usually driven by cost,
since complete multi-axial failure testing requires extensive, complicated, and expensive
tests.

Non Stress-Based Criteria

L

http://www-ocp.wbmt.tudelft.nl/dredging/MIEDEMA/Mohr%20Circle/0401%20-%20Failure%20Criteria.htm (1 of 2) [12/13/2001 13:00:25]


http://www-ocp.wbmt.tudelft.nl/dredging/MIEDEMA/Mohr%20Circle/0304%20-%20Hooke's%20Law%20for%20Isotropic%20Materials.htm
http://www-ocp.wbmt.tudelft.nl/dredging/MIEDEMA/Mohr%20Circle/0402%20-%20Failure%20Criteria%20for%20Ductile%20Materials.htm
http://www-ocp.wbmt.tudelft.nl/dredging/MIEDEMA/Mohr%20Circle/0402%20-%20Failure%20Criteria%20for%20Ductile%20Materials.htm
http://www-ocp.wbmt.tudelft.nl/dredging/MIEDEMA/Mohr%20Circle/0403%20-%20Failure%20Criteria%20for%20Brittle%20Materials.htm
http://www-ocp.wbmt.tudelft.nl/dredging/MIEDEMA/Mohr%20Circle/0403%20-%20Failure%20Criteria%20for%20Brittle%20Materials.htm
http://www-ocp.wbmt.tudelft.nl/dredging/MIEDEMA/Mohr%20Circle/0103%20-%20Principal%20Stress%20for%20the%20Case%20of%20Plane%20Stress.htm
http://www-ocp.wbmt.tudelft.nl/dredging/MIEDEMA/Mohr%20Circle/0102%20-%20Plane%20Stress%20and%20Coordinate%20Transformations.htm

Failure Criteria

The success of al machine parts and structural members are not necessarily determined by their
strength. Whether a part succeeds or fails may depend on other factors, such as stiffness, vibrational
characteristics, fatigue resistance, and/or creep resistance.

For example, the automobile industry has endeavored many years to increase the rigidity of passenger
cages and install additional safety equipment. The bicycle industry continues to decrease the weight
and increase the stiffness of bicycles to enhance their performance.

In civil engineering, a patio deck only needs to be strong enough to carry the weight of several people.
However, a design based on the "strong enough" precept will often result abouncy deck that most
people will find objectionable. Rather, the stiffness of the deck determines the success of the design.

Many factors, in addition to stress, may contribute to the design requirements of a part. Together,
these requirements are intended to increase the sense of security, safety, and quality of service of the
part.
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Failure Criteria for Ductile Materials

Fallure Criteriafor Ductile Materias

Maximum Shear Stress Criterion
The maximum shear stress criterion, also known as Tresca's or Guest's criterion, is often used to
predict the yielding of ductile materials.

e

Yield in ductile materialsis usually caused by the slippage of crystal planes along the maximum shear
stress surface. Therefore, a given point in the body is considered safe as long as the maximum shear
stress at that point is under the yield shear stress o, obtained from a uniaxial tensile test.

With respect to 2D stress, the maximum shear stressis related to the difference in the two principal
stresses (see Mohr's Circle). Therefore, the criterion requires the principal stress difference, along with
the principal stresses themselves, to be less than the yield shear stress,

pil=oyp. loa|<op. and oy —o3| <oy

Graphically, the maximum shear stress criterion requires that the two principal stresses be within the
green zone indicated below,

)
(':TJ,
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Von MisesCriterion
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Failure Criteria for Ductile Materials

The von Mises Criterion (1913), also known as the maximum distortion energy criterion, octahedral
shear stress theory, or Maxwell-Huber-Hencky-von Mises theory, is often used to estimate the yield of
ductile materials.

The von Mises criterion states that failure occurs when the energy of distortion reaches the same
energy for yield/failurein uniaxial tension. Mathematically, thisis expressed as,

1

2

In the cases of plane stress, o3 = 0. The von Mises criterion reduces to,

{52

2 2 2
[:-:5'1—-:5'2;] —I—[:ﬂ'g—ﬂ'gjl +Iiﬂfj—ﬂ'1;| =Ty

-:rl2 — 77 —I-r:r% = r:r}%

This equation represents a principal stress ellipse asillustrated in the following figure,

T vion Mises
/ Maximum Shear

Also shown on the figure is the maximum shear stress criterion (dashed line). This theory is more
conservative than the von Mises criterion since it liesinside the von Mises ellipse.

In addition to bounding the principal stresses to prevent ductile failure, the von Mises criterion also
gives areasonable estimation of fatigue failure, especially in cases of repeated tensile and
tensile-shear loading.
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Failure Criteria for Brittle Materials

Fallure Criteriafor Brittle Materials

Maximum Normal Stress Criterion

L

The maximum stress criterion, also known as the normal stress, Coulomb, or Rankine criterion, IS
often used to predict the failure of brittle materials.

e

The maximum stress criterion states that failure occurs when the maximum (normal) principal stress
reaches either the uniaxial tension strength o, or the uniaxial compression strength o,

-0 <{0y, 05} <0y
where 0, and o, are the principal stresses for 2D stress.

Graphically, the maximum stress criterion requires that the two principal stresses lie within the green
zone depicted below,

G2

Mohr's Theory
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Failure Criteria for Brittle Materials
The Mohr Theory of Failure, aso known as the Coulomb-Mohr criterion or internal-friction theory, is
based on the famous Mohr's Circle. Mohr's theory is often used in predicting the failure of brittle
materials, and is applied to cases of 2D stress.

Mohr's theory suggests that failure occurs when Mohr's Circle at a point in the body exceeds the
envelope created by the two Mohr's circles for uniaxia tensile strength and uniaxial compression
strength. This envelope is shown in the figure below,

T Uniaxial
Tension

Uniaxial -~
Compression

The left circle isfor uniaxial compression at the limiting compression stress o, of the material.
Likewise, theright circleisfor uniaxial tension at the limiting tension stress o;.

The middle Mohr's Circle on the figure (dash-dot-dash line) represents the maximum allowable stress
for an intermediate stress state.

All intermediate stress states fall into one of the four categoriesin the following table. Each case
defines the maximum allowable values for the two principal stressesto avoid failure.

o Criterion
Case Principal Stresses r equirements
1 Bothintension 0,>0,0,>0 07<0} 0,<0;
2  Bothin compression 0,<0,0,<0 07>-0,0,>-0.

: : : : H T
3 opintension, o, in compression a;>0,0,<0 e IR S
O T

. . . . N r
4  0pincompression, 0, intension a;<0,0,>0 —L 422
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Failure Criteria for Brittle Materials

Graphically, Mohr's theory requires that the two principal stresses lie within the green zone depicted
below,

Maamum Stress

G2
Mohr's \ ﬂ_"

C

Also shown on the figure is the maximum stress criterion (dashed line). Thistheory isless
conservative than Mohr's theory since it lies outside Mohr's boundary.
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Techniques for Failure Prevention and Diagnosis

Techniques for Failure Prevention and
Diagnosis

There exist a set of basic techniques for preventing failure in the design stage, and for diagnosing
failure in manufacturing and later stages.

T

In the Design Stage

It is quite commonplace today for design engineers to verify design stresses with finite element (FEA)
packages. Thisis fine and good when FEA is applied appropriately. However, the popularity of finite
element analysis can condition engineersto look just for red spots in simulation output, without really
understanding the essence or funda at play.

By following basic rules of thumb, such danger points can often be anticipated and avoided without
total reliance on computer simulation.

Maximum stresses are often located at loading points, supports,

ey FElE joints, or maximum deflection points.

Stress concentrations are usually located near corners, holes, crack
tips, boundaries, between layers, and where cross-section areas
change rapidly.

Stress
Concentrations | Sound design avoids rapid changes in material or geometrical

properties. For example, when alarge hole is removed from a
structure, a reinforcement composed of generally no less than the
material removed should be added around the opening.

The addition of safety factorsto designs allow engineers to reduce
Safety Factors | sensitivity to manufacturing defects and to compensate for stress
prediction limitations.

In Post-M anufacturing Stages

L

T

Despite the best efforts of design and manufacturing engineers, unanticipated failure may occur in
parts after design and manufacturing. In order for projects to succeed, these failures must be
diagnosed and resolved quickly and effectively. Often, the failure is caused by a singular factor, rather
than an involved collection of factors.

Such failures may be caught early ininitial quality assurance testing, or later after the part is delivered
to the customer.
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Techniques for Failure Prevention and Diagnosis

Stress concentrations may be induced by inadequate manufacturing

ProCcesses.
|nduced

Stress For example, initial surface imperfections can result from sloppy
Concentrations | machining processes. Manufacturing defects such as size mismatches
and improper fastener application can lead to residual stresses and
even cracks, both strong stress concentrations.

Damages during service life can lead a part to failure. Damages such
as cracks, debonding, and delamination can result from unanticipated
resonant vibrations and impacts that exceed the design loads.
Reduction in strength can result from exposure to UV lights and
chemical corrosion.

Damage
and Exposure

Fatigue Fatigue or creep can lead a part to failure. For example, unanticipated
and Creep fatigue can result from repeated mechanical or thermal loading.
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SAM-Consult - Solid Mechanics: Stress

Solid M echanics; Stress
| ntroduction

......

The Definition of Stress

L

......

The concept of stress originated from the study of strength and failure of solids. The stressfield isthe
distribution of internal "tractions" that balance a given set of external tractions and body forces.

The internal traction within asolid, or stress, can be
defined in asimilar manner. Suppose an arbitrary slice
Is made across the solid shown in the above figure,
leading to the free body diagram shown at right.
Surface tractions would appear on the exposed surface,
similar in form to the external tractions applied to the
body's exterior surface. The stress at point P can be
defined using the same equation as was used for T.

Stress therefore can be interpreted as internal tractions
that act on a defined internal datum plane. One cannot
measure the stress without first specifying the datum
plane.

ot
L

The Stress Tensor (or Stress Matrix)

L

......

......

First, welook at the external traction T that represents
Z the force per unit area acting at a given location on the
body's surface. Traction T is abound vector, which
means T cannot slide along its line of action or
trandate to another location and keep the same
meaning.

In other words, atraction vector cannot be fully
described unless both the force and the surface where

the force acts on has been specified. Given both AF
and As, the traction T can be defined as

. AN T 1)
T= lim —=—
As— 0 s cfs

Z
AR
K

A
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Surface tractions, or stresses acting on an internal datum plane, are typically decomposed into three
mutually orthogonal components. One component is normal to the surface and represents direct
stress. The other two components are tangential to the surface and represent shear stresses.

What is the distinction between normal and tangential tractions, or equivalently, direct and shear
stresses? Direct stresses tend to change the volume of the material (e.g. hydrostatic pressure) and are
resisted by the body's bulk modulus (which depends on the Y oung's modul us and Poisson ratio).
Shear stresses tend to deform the material without changing its volume, and are resisted by the body's
shear modulus.

Defining a set of internal datum planes aligned i O

with a Cartesian coordinate system allows the : I

stress state at an internal point P to be described : o
relative to x, y, and z coordinate directions. Oy =%

For example, the stress state at point P can be
represented by an infinitesimal cube with three
stress components on each of its six sides (one
direct and two shear components).

Since each point in the body is under static
equilibrium (no net force in the absense of any
body forces), only nine stress components from
three planes are needed to describe the stress
state at a point P.

These nine components can be organized into the
matrix:

_ X
Trx Txp Oz
“yx Cpp Ypz

where shear stresses across the diagonal areidentical (i.e. Oy = Oyy, Oy, = Oy, and 0, = 0y,) asa

result of static equilibrium (no net moment). This grouping of the nine stress components is known as
the stresstensor (or stress matrix).

The subscript notation used for the nine stress components have the following meaning:

GET] : Stress on the £ plane along n direction.

=

Direction of the stress component.
Direction of the surface normal upon which the stress acts.
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Note: The stress state is a second order tensor since it is a quantity associated with two
directions. As aresult, stress components have 2 subscripts.
A surface traction isafirst order tensor (i.e. vector) since it a quantity associated with only
one direction. Vector components therefore require only 1 subscript.
Mass would be an example of a zero-order tensor (i.e. scalars), which have no
relationships with directions (and no subscripts).

fa
=

Equations of Equilibrium

L

Consider the static equilibrium of a solid subjected to the body force vector field b. Applying
Newton's first law of motion resultsin the following set of differential equations which govern the
stress distribution within the solid,

Oy aﬁ}’r Dogy
+ + +&,. =1
8 &  fz
i s R,
B Gy = +
Boy | Ppz | Bog,
+ + +&, =1
&x e &z z
In the case of two dimensional stress, the above equations reduce to,
Jo,  OTpx
—+ + &, =1
& fhy *
| 8¢ o
¥ L b, =0
&x Gy
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Solid M echanics; Stress
Plane Stress and Coordinate Transformations

'I5Iane State of Stress

L

A class of common engineering problemsinvolving }
stresses in athin plate or on the free surface of a

structural element, such as the surfaces of thin-walled i
pressure vessels under external or internal pressure,
the free surfaces of shaftsin torsion and beams under
transverse load, have one principal stress that is much
smaller than the other two. By assuming that this T
small principal stressis zero, the three-dimensional

stress state can be reduced to two dimensions. Since X ‘

AV
X
-]
Cx

. . . i — o
the remaining two principal stressesliein aplane,
these simplified 2D problems are called plane stress ¥
problems. B —

Assume that the negligible principal stressis oriented Y
in the z-direction. To reduce the 3D stress matrix to

the 2D plane stress matrix, remove all components a,,
with z subscripts to get,

T_]-’I ﬂ-_]-’

where T, = Ty, for static equilibrium. The sign convention for positive stress components in plane
stressisillustrated in the above figure on the 2D element.

Coordinate Transformations

The coordinate directions chosen to analyze a structure are usually based on the shape of the structure.
As aresult, the direct and shear stress components are associated with these directions. For example,
to analyze a bar one amost always directs one of the coordinate directions along the bar's axis.

Nonetheless, stressesin directions that do not line up with the original coordinate set are also
Important. For example, the failure plane of a brittle shaft under torsion is often at a45° angle with
respect to the shaft's axis. Stress transformation formulas are required to analyze these stresses.

The transformation of stresses with respect to the {x,y,zZ} coordinates to the stresses with respect to
{x.y',Z} isperformed viathe equations,
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o+ Ty — &
Tyl = : - LA A9 280 + Ty sin 28
o o o —
Tyt = IE y_= ‘PEGSEE—TI},SiﬂEE
=.:TI +I:T.]'J —.:Txr
Ty — O
Tty :_%sin 26 + Ty coS 26

where 0 is the rotation angle between the two coordinate sets (positive in the counterclockwise
direction). This angle along with the stresses for the {x',y',Z} coordinates are shown in the figure
below,
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Solid M echanics: Stress
Principal Stressfor the Case of Plane Stress

......

'I:Drincipal Directions, Principal Stress

L

......

The normal stresses (0, and o) and the shear stress (Tyy) vary smoothly with respect to the rotation

angle 6, in accordance with the coordinate transformation equations. There exist a couple of particular
angles where the stresses take on special values.

First, there exists an angle 6, where the shear stress T,.,; becomes zero. That angle is found by setting
Tyy to zero in the above shear transformation equation and solving for 8 (set equal to 8p,). The result
IS,

AT
tan 26, = _ W
The angle 8, defines the principal directions where the only stresses are normal stresses. These

stresses are called principal stresses and are found from the original stresses (expressed in the x,y,z
directions) via,

2

+1:;.;J;2

gy o T — 0
oy = [%

2

The transformation to the principal directions can beillustrated as:

o ;

G2 P
‘ Tyx ) V oy~
i
e <
X X P
==

]

oy

Tyx

=

Y
Xy GJ‘/
O A

oy

stresses in given

coordinate system Principal stresses
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fa
=

Maximum Shear Stress Direction

L

Another important angle, 6, iswhere the maximum shear stress occurs. This is found by finding the
maximum of the shear stress transformation equation, and solving for 6. Theresult is,

o
tan 28, =—%
T
P

=8, =8, £45

The maximum shear stressis equal to one-half the difference between the two principal stresses,

2
Ox T Oy 1 O] — T3
Tnay = [T] +T:-:y :T

The transformation to the maximum shear stress direction can be illustrated as:

Y ¥ /
‘ *y;
1" 0,45
Txy T
Ox ‘ X e, X
—l 0 -— = .
Oy U -453°
To
x)
tyx

=tresses in given

coordinate system Maximum shear stress
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Solid M echanics; Stress
Mohr's Circlefor Plane Stress

Mohr'sCircle

L

Introduced by Otto Mohr in 1882, Mohr's Circle illustrates principal stresses and stress
transformations via a graphical format,

Ty

:J:_'_,._,-"_
R

(o S avg o,

£

[~

The two principal stresses are shown in red, and the maximum shear stressis shown in orange.
Recall that the normal stesses equal the principal stresses when the stress element is aligned with the
principal directions, and the shear stress equals the maximum shear stress when the stress element is
rotated 45° away from the principal directions.

Asthe stress element is rotated away from the principal (or maximum shear) directions, the normal
and shear stress components will aways lie on Mohr's Circle.

Mohr's Circle was the leading tool used to visualize relationships between normal and shear stresses,
and to estimate the maximum stresses, before hand-held cal cul ators became popular. Even today,
Mohr's Circleis still widely used by engineers all over the world.

f)erivation of Mohr'sCircle

L

To establish Mohr's Circle, we first recall the stress transformation formulas for plane stress at a given
location,

s oy 7. — T
ol — * F—_* }JEGSEE—I—T:@, gt A
2 2
o — F
Tyl =—%sin 2 +T1}; Ccos 2l

Using a basic trigonometric relation (cos?20 + sin226 = 1) to combine the two above equations we
have,
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Oy T 2
& E—

2

2
+T1},

7 |Tx—oy
+ T 0t = —
ry [ 2

Thisisthe equation of acircle, plotted on a graph where the abscissais the normal stress and the
ordinate is the shear stress. Thisis easier to see if we interpret o, and oy, as being the two principal
stresses, and Ty, as being the maximum shear stress. Then we can define the average stress, 0,4, and
a"radius’ R (whichisjust equal to the maximum shear stress),

Tx T

cavg=——— R=

The circle equation above now takes on a more familiar form,

(ﬁxr —{Tﬁvg)z -|—’|::,;.r}:.r2 ZRE

Thecircleis centered at the average stress value, and has aradius R equal to the maximum shear
stress, as shown in the figure below,

x¥

:_/:;-ﬂ_

[~

ot

Related Topics

L

The procedure of drawing a Mohr's Circle from a given stress state is discussed in the Mohr's Circle
usage page.

The Mohr's Circle for plane strain can also be obtained from similar procedures.
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Solid M echanics. Stress
Mohr's Circle Usage in Plane Stress

I';’rincipal Stressesfrom Mohr'sCircle

A chief benefit of Mohr's circle isthat the principal stresses 0, Txy

and g, and the maximum shear stress 1,5, are obtained

immediately after drawing the circle, Pl

R
[51,2 — 50515y S o
Tlax = & G5 G avg G,
where, e
Oy TOy Ty — 0y : 7
ﬂ_ﬂvg = T R = —I—TI;II:I

(a1 -
Ce—

Principal Directionsfrom Mohr's Circle

L

Mohr's Circle can be used to find the directions of the principal axes. To show this, first suppose that
the normal and shear stresses, g, 0y, and T,y, are obtained at a given point O in the body. They are
expressed relative to the coordinates XY, as shown in the stress element at right below.

V|
|
l

Sy,
o, _,_l UI_ ]_.,_
Ty 1

po

Gy

(ﬁh' Ty )

The Mohr's Circle for this general stress state is shown at Ieft above. Note that it's centered at 04,4 and
has aradius R, and that the two points{ gy, T,y} and {0y, -T,,} lie on opposites sides of the circle. The
line connecting o, and oy, will be defined as L.

The angle between the current axes (X and Y) and the principal axesis defined as 6, and is equal to
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one half the angle between the line L, and the g-axis as shown in the schematic below,

I 130, .

"

1 N
.._I o _.x —= “‘{

T =

A set of six Mohr's Circles representing most stress state possibilities are presented on the examples
page.

o
L

Rotation Angleon Mohr's Circle

L

Note that the coordinate rotation angle 6, is defined positive when starting at the XY coordinates and
proceeding to the X,Y,, coordinates. In contrast, on the Mohr's Circle 8, is defined positive starting on
the principal stressline (i.e. the o-axis) and proceeding to the XY stressline (i.e. line L,y). The angle
B, has the opposite sense between the two figures, because on one it starts on the XY coordinates, and
on the other it starts on the principal coordinates.

Some books avoid this dichotomy between 6, on Mohr's Circle and 6, on the stress element by

locating (Oy, -Tyy) instead of (g, Tyy) on Mohr's Circle. Thiswill switch the polarity of 8, on the

circle. Whatever method you choose, the bottom line is that an opposite sign is needed either in the
interpretation or in the plotting to make Mohr's Circle physically meaningful.

o
L

Stress Transform by Mohr's Circle

L
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Mohr's Circle can be used to transform stresses from one coordinate set to another, similar that that
described on the plane stress page.

Suppose that the normal and shear stresses, oy, 0y, and Ty, are obtained at apoint O in the body,
expressed with respect to the coordinates XY. We wish to find the stresses expressed in the new
coordinate set X'Y', rotated an angle 6 from XY, as shown below:

Txy
Ox X
o X
X
1
VX Tyt o
. XV T
':_JI f
o -

Stresses at given coordinate system Stresses transformed to another coordinate

To do this we proceed as follows:

* Draw Mohr'scircle for the given stress state (oy, 0y, and Tyy; shown below).

* Draw thelineL,, acrossthe circle from (g, Tyy) to (0y, -Tyy).

* Rotate theline L,y by 2*6 (twice as much as the angle between XY and XY') and in the opposite
direction of 6.

* Thestressesin the new coordinates (0y, 0y, and Ty) are then read off the circle.

(ﬁr,' Txy )
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Solid M echanics: Stress
Examples of Mohr's Circlesin Plane Stress

......

Case l: Tyy > 0and o, >0y

The principal axes are counterclockwise to the current axes (because Ty, > 0) and no more than 45°

......

away (because oy > 0y).

o ————— e —_——————T

Case2: 1, <0andoy >0y

L

......

The principal axes are clockwise to the current axes (because Ty, < 0) and no more than 45° away

(because oy > 0y).

¥ _%‘f Fp
G, K
Oy X
e
C; X,

......

]
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Case3: T, >0and o, <oy

L

......

The principal axes are counterclockwise to the current axes (because Ty, > 0) and between 45° and 90°

away (because o, < o).

fﬁx!’rx},

o,

_—

ot

Case4: T, ,<0and o, <oy

L

......

......

@1

The principal axes are clockwise to the current axes (because Ty, < 0) and between 45° and 90° away

(because oy < 0Oy).

(ﬁ'x!’rw]

ot

Case5: Ty, =0and oy, >0y

L

......

......

Gr

£

Uﬂ }r
GL L

O\,/ :
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The principal axes are aligned with the current axes (because oy > oy, and T, = 0).

T
FY
2
GI’
|0

......

ot

Case6: T, =0and o, <oy

ot
L

The principal axes are exactly 90° from the current axes (because oy < oy and Ty, = 0).

......

T

VX

= n/2

O, X
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Solid M echanics; Strain
| ntroduction

......

Global 1D Strain
X Consider arod with initial length L which is stretched
0 toalength L'. The strain measure €, adimensionless
bs—— L —| ratio, is defined as the ratio of elongation with respect
to the origina length,
x - L'—1r1
0 L

e ——

[a -
e

Infinitessmal 1D Strain

L

The above strain measure is defined in aglobal sense. The strain at each point may vary dramatically
If the bar's elastic modulus or cross-sectional area changes. To track down the strain at each point,

further refinement in the definition is needed.

......

Consider an arbitrary point in the bar P, which has a

a— L —
p X position vector x, and its infinitesimal neighbor dx.
0 Point P shiftsto P', which has a position vector x', after
X g the stretch. In the meantime, the small "step” dxis
=X ] fot—
e stretched to dx'.
The strain at point p can be defined the same asin the
o ...T.._lpi Y 9lobal strain measure,
y ! dx '— df
— X —wfdX " =2 x
X
L [ ]
| | Since the displacement iy = x'— x, the strain can
hence be rewritten as,
. dx —dx  du
cdx dx

g =

General Definition of 3D Strain

L

......
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Asin the one dimensional strain derivation, suppose that point P in a body shifts to point P after
deformation.

}.’
/‘l
L]
- - 1_"*'
L.lndefﬂrmV S
S
X .
e
L
N
L
S
"H.H- R R.
L\.\.
Y
)
() -\\_‘___
X

The infinitesimal strain-displacement relationships can be summarized as,

1| By _|_'ﬂ”,i‘

2 Iﬁ'}fj Ei‘xj

where u is the displacement vector, x is coordinate, and the two indicesi and j can range over the
three coordinates {1, 2, 3} in three dimensional space.

Expanding the above equation for each coordinate direction gives,

Eﬂ:% L =l @-l—% =g

Sx P oley 8] ¥
£ =% £ =l Iﬁl_u—'—ﬁl_w =g
K 8y 08z Bx =
£ =I:r:.::l_‘|.-ll-:I £ =l E—'—% =r
Z 8 LAY T

where u, v, and w are the displacements in the x, y, and z directions respectively (i.e. they are the
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components of u).

fa

3D Strain Matrix

L

There are atotal of 6 strain measures. These 6 measures can be organized into a matrix (ssmilar in
form to the 3D stress matrix), shown here,

ot
L

Engineering Shear Strain

L

Focus on the strain €, for amoment. The expression inside the parentheses can be rewritten as,

where Vip =&xp +E},I =2£1}, . Called the engineering shear strain, v, isatotal measure of

shear strain in the x-y plane. In contrast, the shear strain €, is the average of the shear strain on the X
face aong they direction, and on the y face along the x direction.

Y

dy J_
I = = T E
/: ey WV EX AU By
P ax | X

Shear strain tensor is the average Engineer shear strain is the total
of two strains, i.e., shear strain, i.e.,
E = (av/dx+ouidx)/2 = & % = AEN UK
XYy W Xy

Engineering shear strain is commonly used in engineering reference books. However, please beware
of the difference between shear strain and engineering shear strain, so asto avoid errorsin
mathematical manipulations.

Y

Compatibility Conditions
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In the strain-displacement relationships, there are six strain measures but only three independent
displacements. That is, there are 6 unknowns for only 3 independent variables. As aresult there exist

3 constraint, or compatibility, equations.

These compatibility conditions for infinitesimal strain reffered to rectangular Cartesian coordinates
are,

SEEH _|_5IEE._P._P _ 2'5'25:[}: aEEH _ a . 5'-5},3 _|_I5IEEI +5IEI}J
5|:,,-2 e Gxchy il Ox Hx s Oz
E'IEE.P.F 8ey _5 5"25}’3 E'IEE.P.P _ 0| Pepr By n Oy
Az ayz Ghedlz Gzdx  Oy| dx s Oz
5'2533 " ﬁzsﬂ _5 5'2533,: 5'2533 _ & 5Eyg N Bepe 5'5:,._},
S 8z 4 O Ox Oxdy k| Ox Gy s

In two dimensional problems (e.g. plane strain), all zterms are set to zero. The compatibility
eguations reduce to,

52
o+
By Bx Oxdly

Note that some references use engineering shear strain (*yl}, =Exy + Epy = 251}, ) when referencing
compatibility equations.
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Solid M echanics; Strain

Plane Strain and Coordinate Transfor mations

......

'IBI ane State of Strain

L

......

Some common engineering problems such as adam
subjected to water loading, atunnel under external
pressure, a pipe under internal pressure, and a
cylindrical roller bearing compressed by forcein a
diametral plane, have significant strain only in a
plane; that is, the strain in one direction is much less

than the strain in the two other orthogonal directions. R

If small enough, the smallest strain can be ignored

and the part is said to experience plane strain. &

Assume that the negligible strain is oriented in the
z-direction. To reduce the 3D strain matrix to the 2D = xy

plane stress matrix, remove all components with z g
subscripts to get,

fr  Exp

where g, = €, by definition.

The sign convention here is consistent with the sign convention used in plane stress analysis.

......

Coordinate Transformation

L

......

The transformation of strains with respect to the {x,y,z} coordinates to the strains with respect to

{x,y,z} isperformed viathe equations,

The rotation between the two coordinate sets is shown here,

£y & £r—E
£l = : > S R cos 26 + &y sin 26

£y TEp £y —Ep _
Bt = — Cos 28 — g4 510 28
F o o ¥

=&y tEp —Ey
£ —&

Epipl == a ; i sinEE?—I—E:.._}, cos 28
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8]
X
Ex’ £y
€

where 0 is defined positive in the counterclockwise direction.
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Solid M echanics: Strain
Principal Strain for the Case of Plane Strain

......

'I:Drincipal Directions, Principal Strain

L

......

The normal strains (€, and €,:) and the shear strain (g,.y+) vary smoothly with respect to the rotation

angle 6, in accordance with the transformation equations given above. There exist a couple of
particular angles where the strains take on special values.

First, there exists an angle 8, where the shear strain €, vanishes. That angle is given by,

251},

tan EEF =

This angle defines the principal directions. The associated principal strains are given by,

S £, —E&
ey =——"% [I ’

2
2
> ] +£1},

The transformation to the principal directions with their principal strains can beillustrated as:

¥ 5 Y

£, \
e iy UP !
EJ’ - \/ £] /

——
£ s

S

. ) /{u
€y \_ X P
€, | “
Exy tj‘/
Sy \
oy |
tJ’
Strains in given Strains transformed to
coordinate system principal directions

[ ™ .
o

Maximum Shear Strain Direction

L

......
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Another important angle, O, iswhere the maximum shear strain occurs and is given by,

Ly — &
tan 26, =———

251},
=8 =8, £45°

The maximum shear strain is found to be one-half the difference between the two principal strains,

2
Ep —E —
Sy = [—I > ‘F] Ty =l 252

The transformation to the maximum shear strain direction can be illustrated as:

Y Y /
£y, fl
&,
VX
Exy T
€y X e, o X
£, v u -45°
Bxy
S . l—
Eyx
1‘11}

Strains in given

coordinate system Maximum shear strain
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Mohr's Circlefor Plane Strain

......

Mohr'sCircle

L

Strains at a point in the body can be illustrated by Mohr's Circle. The idea and procedures are exactly
the same as for Mohr's Circle for plane stress.

......

£, €avg £,

\5""\—\_

The two principal strains are shown in red, and the maximum shear strain is shown in orange. Recall
that the normal strains are equal to the principal strains when the element is aligned with the principal
directions, and the shear strain is equal to the maximum shear strain when the element is rotated 45°
away from the principal directions.

Asthe element is rotated away from the principal (or maximum strain) directions, the normal and
shear strain components will always lie on Mohr's Circle.

ot
L

Derivation of Mohr'sCircle

L

To establish the Mohr's circle, we first recall the strain transformation formulas for plane strain,

......

......

o Er —E&
£t — LR ‘Pcc:-sﬁf?—l—sx}, s11 2F
2 2
£ — &
Exlp! =— - > ! sin 28 +eyp cos 2t

Using a basic trigonometric relation (cos?20 + sin226 = 1) to combine the above two formulas we
have,

£y F& 2 S
L F | 2 X C¥ | 4
[Ex‘ 2 ] ! [ 2 ] )

This equation is an equation for a circle. To make this more apparent, we can rewrite it as,
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2 2 o2
(E:c‘_ﬁﬁvg) +Exf}=' =X

where,

2
SAve T R= Ty

&y tep [EI —£y
Z

Thecircleis centered at the average strain value €4, and has aradius R equal to the maximum shear
strain, as shown in the figure below,

8

ot

Related Topics

The procedure of drawing Mohr's Circle from a given strain state is discussed in the Mohr's Circle
usage and examples pages.

The Mohr's Circle for plane stress can also be obtained from similar procedures.
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Solid M echanics: Strain
Mohr's Circle Usage in Plane Strain

I';’rincipal Strainsfrom Mohr'sCircle
A chief benefit of Mohr's circle is that the principal strains €, and Exy
€, and the maximum shear strain €,yax are obtained
immediately after drawing the circle, Pl
R

£,] =€pyg TR £

Sxp Max R E3 E.-'“l.vg &4
where, [

£x t&p £r —£p : 7
Ehvg = > R= ; ey

fa™ .
L -

Principal Directionsfrom Mohr's Circle

L

Mohr's Circle can be used to find the directions of the principal axes. To show this, first suppose that
the normal and shear strains, gy, €y, and €y, are obtained at a given point O in the body. They are

expressed relative to the coordinates XY, as shown in the strain element at right below.

V|
Exy 1 ?Ji" EIJ’ %
€y __l G|_ ]_;x_
%:Jﬁ*l—
€5 e EJ"
(E}u'ﬁxrj

The Mohr's Circle for this general strain state is shown at |eft above. Note that it's centered at €44 and
has aradius R, and that the two points (g, €y) and (gy, -€y) lie on opposites sides of the circle. The
line connecting &, and €y, will be defined as L.

The angle between the current axes (X and Y) and the principal axesis defined as 6, and is equal to
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one half the angle between theline L,y and the e-axis as shown in the schematic below,

I 130, .

"

1 N
.._I o _.x —= “‘{

T =

A set of six Mohr's Circles representing most strain state possibilities are presented on the examples
page.

fa
L

Rotation Angleon Mohr'sCircle

L

Note that the coordinate rotation angle 6, is defined positive when starting at the XY coordinates and
proceeding to the X,Y,, coordinates. In contrast, on the Mohr's Circle 8, is defined positive starting on
the principal strain line (i.e. the e-axis) and proceeding to the XY strain line (i.e. line L,y ). The angle 6

has the opposite sense between the two figures, because on one it starts on the XY coordinates, and on
the other it starts on the principal coordinates.

©

Some books avoid the sign difference between 8, on Mohr's Circle and 8, on the stress element by
locating (gy, -€xy) instead of (gy, €y,) on Mohr's Circle. This will switch the polarity of 8, on the circle.

Whatever method you choose, the bottom line is that an opposite sign is needed either in the
interpretation or in the plotting to make Mohr's Circle physically meaningful.

fa
L

Strain Transform by Mohr's Circle

L
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Mohr's Circle can be used to transform strains from one coordinate set to another, similar that that
described on the plane strain page.

Suppose that the normal and shear strains, €, €, and €,,, are obtained at a point O in the body,
expressed with respect to the coordinates XY. We wish to find the strains expressed in the new
coordinate set X'Y', rotated an angle 6 from XY, as shown below:

1 ‘ yr ¥

\

€,; 5]
- él I FI |
E].".T I ?'_I x e ey

Exy

©x X »] 0
£ X
" -T o z
Sxy 31‘/ /
i :
VX ool T
. AL - S
1 €y
€y,
Strains at the given coordinate Strains transformed to another coordinate

To do this we proceed as follows:

* Draw Mohr'scirclefor the given strain state (gy, €y, and €,y; shown below).

* Draw thelineL,, acrossthe circle from (g, €,y) t0 (€, -€y).

* Rotate theline L,y by 2*6 (twice as much as the angle between XY and XY') and in the opposite
direction of 6.

 Thestrainsin the new coordinates (g, €, and &) are then read off the circle.

S Xy
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Examples of Mohr's Circlesin Plane Strain

......

Case l: gy >0and g, > gy,

The principal axes are counterclockwise to the current axes (because €,y > 0) and no more than 45°

......

away (because g, > €,).

IF I.? E-E E
v X .
g, P~
E Kﬂ
p
X
.-/ \
1-1-1 l
B

o ————— e —_——————T

Case2: gy<0ande, >¢g,

L

......

The principal axes are clockwise to the current axes (because €y, < 0) and no more than 45° away

(because €, > €y).

I."

......

]
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Case3: gy >0ande, <g,

L

The principal axes are counterclockwise to the current axes (because €,,, > 0) and between 45° and 90°
away (because gy < g,).

......

(= =

Cased: g, <0andg, <g,

L

The principal axes are clockwise to the current axes (because €,, < 0) and between 45° and 90° away
(because g, < gy).

......

g =

Case5: g, ,=0andg, >¢g,

L

......
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The principal axes are aligned with the current axes (because €, > €, and €,y = 0).

Y
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Solid M echanics; Hooke's L aw
| ntroduction

One-dimensional Hooke's L aw

L

Robert Hooke, who in 1676 stated,

The power (sic.) of any springy body isin the same proportion with
the extension.

announced the birth of elasticity. Hooke's statement expressed mathematically is,
F=kwu

where F is the applied force (and not the power, as Hooke mistakenly suggested), u is the deformation
of the elastic body subjected to the force F, and k is the spring constant (i.e. the ratio of previous two
parameters).

Eeneral ized Hooke'sLaw (Anisotropic Form)
Cauchy generalized Hooke's law to three dimensional elastic bodies and stated that the 6 components
of stress are linearly related to the 6 components of strain.

The stress-strain relationship written in matrix form, where the 6 components of stress and strain are
organized into column vectors, is,

foc| [811 812 B3 S1a S5 S ||9w

or,
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where C isthe stiffness matrix, Sisthe compliance matrix, and S= C-1.
In general, stress-strain relationships such as these are known as constitutive relations.

In general, there are 36 stiffness matrix components. However, it can be shown that conservative
materials possess a strain energy density function and as a result, the stiffness and compliance
matrices are symmetric. Therefore, only 21 stiffness components are actually independent in Hooke's
law. The vast majority of engineering materials are conservative.

Please note that the stiffness matrix is traditionally represented by the symbol C, while Sisreserved
for the compliance matrix. This convention may seem backwards, but perception is not always
reality. For instance, Americans hardly ever use their feet to play (American) football.
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Hooke's Law for Orthotropic Materials

......

brthotropic Definition

......

Some engineering materials, including certain piezoel ectric materials (e.g. Rochelle salt) and 2-ply
fiber-reinforced composites, are orthotr opic.

By definition, an orthotropic material has at least 2 orthogonal planes of symmetry, where material
properties are independent of direction within each plane. Such materials require 9 independent
variables (i.e. elastic constants) in their constitutive matrices.

In contrast, a material without any planes of symmetry is fully anisotropic and requires 21 elastic
constants, whereas a material with an infinite number of symmetry planes (i.e. every planeisaplane
of symmetry) isisotropic, and requires only 2 elastic constants.

Y
L

Hooke'sLaw in Compliance Form

L

By convention, the 9 elastic constants in orthotropic constitutive equations are comprised of 3
Young's modulii E,, Ey, E,, the 3 Poisson's ratios Vy,, V4, Vyy, and the 3 shear modulii G, G, Gy,

......

......

The compliance matrix takes the form,

L _ P.PI _ FEI [:] [:] [:]
E, B B
w1 0 0 _
Exx B B B Ox
g o
Pl Y2 1 0 0 0 s
fzz | | Ay Hy B, o
Epz Ty
4 i i i : i i 4
Exy 2 py Sz
£ o
¥ 0 0 0 0 1 o V¥
20,
y (] 0 (] 0 L
EGIT ]
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Note that, in orthotropic materials, there is no interaction between the normal stresses oy, oy, 0, and
the shear strains &, €, £y

The factor 2 multiplying the shear modulii in the compliance matrix results from the difference
between shear strain and engineering shear strain, where ¥y =&xp +Epy = 251}, , etc.

ot
L

Hooke'sLaw in Stiffness Form

L

The stiffness matrix for orthotropic materials, found from the inverse of the compliance matrix, is
given by,

[ 1—vpeVep  Vpr Pz Ve vy ] , )
| B B, E,A B, E,A .
o Vo ViV 1— vy vy Vap TVmeVp g ; 0 |ley
ol B A A B E_A B A A ”
Tz Y tY i Sz
- (] (] i EG},E (] (] .
e 0 0 0 0 23, o W7
() (] 0 () () EGI}, |
where,

I =V Vpr — VeV —VerViz — Vi Vpz Vax

E By E,

A=

The fact that the stiffness matrix is symmetric requires that the following statements hold,

Vpx T VerVpz Vi + Vo Ve

By E, i B B A

Vep T VexVep Yy + Vi Vpz
E B b EIEFEL

Vor TVpVep Vi ¥ Vez
Hy B b He By h

The factor of 2 multiplying the shear modulii in the stiffness matrix results from the difference
between shear strain and engineering shear strain, where ¥y = &yp +&py = 251}, , etc.
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Hooke'sLaw for Transversely Isotropic Materials

Transver se | sotropic Definition -

L

A special class of orthotropic materials are those that have the same properties in one plane (e.g. the

x-y plane) and different properties in the direction normal to this plane (e.g. the z-axis). Such materials
are called transver se isotropic, and they are described by 5 independent elastic constants, instead of
9 for fully orthotropic.

......

Examples of transversely isotropic materials include some piezoelectric materials (e.g. PZT-4, barium
titanate) and fiber-reinforced composites where all fibers are in paralldl.

ot
L

Hooke'sLaw in Compliance Form

L

By convention, the 5 elastic constants in transverse isotropic constitutive equations are the Y oung's
modulus and poisson ratio in the x-y symmetry plane, E, and vy, the Y oung's modulus and poisson

ratio in the z-direction, E,, and v, and the shear modulus in the z-direction G,

......

......

The compliance matrix takes the form,

1 Vs Y 0 0 0
E, E, £
e 14
N L e 0 0 0 |
Eqyr gy £y B o
WY Yz 1 0 0 0 oy
EEE: Eﬁ Eﬁ E, o
£ o
e 0 0 0 1 0 o ||
Szx EGzp Szx
£ o
W 0 0 0 0 1 o |V
2Gyy
14w
0 0 0 0 L
£y
1 12
E, £

The factor 2 multiplying the shear modulii in the compliance matrix results from the difference
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between shear strain and engineering shear strain, where ¥y =&yp +Epy = 251}, , etc.

fa
=

Hooke'sL aw in Stiffness Form

L

The stiffness matrix for transverse isotropic materials, found from the inverse of the compliance
matrix, is given by,

- l=vpe¥ey  Vp HVepVpz  Vep TRV g g
EJ,HEE& EFEE.L'\. EJ,HEE&
cr:,:,_,- Vy +vﬁzvzﬁ l—vzﬁvﬁz Vep, +vzﬁvﬁ ; ; £y
B A H B A R A
Ty == = : - *‘”2 Epp
Tzz | | Vez TVRVyr Vg TV 1=v, ; ; ; Err
o 2 2 2
Typz Eﬁ Fi) Eﬁ Fi) ‘EF Fi) £yz
Tzx 0 0 0 2Czy 0 0|5z
T 0 0 0 0 2G, 0 [*w
)
0 0 0 0 0 £
1-I—vﬁ_
where,

2

A= -
Ey*Ey

The fact that the stiffness matrix is symmetric requires that the following statements hold,

Vyp +Vep Vs _Vp TV pzVay
By B A B Eph
2

Vep -I-vgﬁvﬂ _ Vep -I-v‘ﬂg
Hp Byl Eﬂzﬂ.

Ve -I-vﬁvzﬁ _ Vpz —I—vﬁvﬁz
EﬁEEﬁ‘ Eﬁzﬁ.

The factor of 2 multiplying the shear modulii in the stiffness matrix results from the difference
between shear strain and engineering shear strain, where ¥y =&yxp +Epy = 251}, , etc.
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Solid M echanics: Hooke's L aw
Hooke's Law for Isotropic Materials

......

'I:sotropic Definition
Most metallic alloys and thermoset polymers are considered isotr opic, where by definition the
material properties are independent of direction. Such materials have only 2 independent variables
(i.e. elastic constants) in their stiffness and compliance matrices, as opposed to the 21 elastic constants
in the general anisotropic case.

......

The two elastic constants are usually expressed as the Y oung's modulus E and the Poisson's ratio v.
However, the alternative elastic constants K (bulk modulus) and/or G (shear modulus) can also be

used. For isotropic materials, G and K can be found from E and v by a set of equations, and
vice-versa.

ot
L

Hooke'sLaw in Compliance Form

L

Hooke's law for isotropic materials in compliance matrix formis given by,

......

......

£xx | (1 - —v 0 0 ]|xx
Epp — 1 —v 0 0 0 ([T ey
Err 1= — 1 0 N 0 || oz
£pz - Elo 0 0 14v 0 0 {|ope
Err N 0 I+v 0 ||log
253 o 0o 0 i 0 T4 o

ot
L

......

......

& = = v 0 0 MIE:
& pyp v 1l—v ¥ 0 0 0 |([Epp
Cgz g v ¥ 1= 0 0 0 ||ezx
opz| (I)I—2v) 0 0 0 1=2v 0 0 |l
. 0 0 0 0 1-2v 0 |,
o 0 0 0 0 0 1-2v)|sy,
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Hooke's Law for Plane Stress

......

ooke'sLaw for Plane Stress

% T%

......

For the simplification of plane stress, where the stresses in the z direction are considered to be
negligible, o7z =0 pz =0 = 0, the stress-strain compliance relationship for an isotropic material

becomes,
Exx (1 —v —v 0 0 ]|&xx
Epp - 1 —v 0 0 0 & py
fzz | 1l —v 1 (] () ()
gpz| E|0 0 0 14w 0 0
Ery 0 0 0 y 1+ y] 0
5 | 0 0 0 y] 14+ Oy |

The three zero'd stress entries in the stress vector indicate that we can ignore their associated columns
in the compliance matrix (i.e. columns 3, 4, and 5). If we also ignore the rows associated with the
strain components with z-subscripts, the compliance matrix reduces to a simple 3x3 matrix,

£ 1 1 = 0 |loo
£ pp =E —v 1 0  pp
E1p o 0 14w 5

The stiffness matrix for plane stress is found by inverting the plane stress compliance matrix, and is
given by,

o I v 0 e
T yy =1_v3 v 10 ey
o] 0 0 1—1:_5{},

Note that the stiffness matrix for plane stressisNOT found by removing columns and rows from the
general isotropic stiffness matrix.

g =
L

Plane Stress Hooke's L aw via Engineering Strain

e

L
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Some reference books incorporate the shear modulus G and the engineering shear strain vy, related to

the shear strain €,y via,

T?==ﬁy+ﬂ?x=2&w

The stress-strain compliance matrix using G and vy are,

The stiffness matrix is,
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Hooke's L aw for Plane Strain

......

ooke'sLaw for Plane Strain

% T%

......

For the case of plane strain, where the strains in the z direction are considered to be negligible,

Sgz =Epg = Epz = (1, the stress-strain stiffness relationship for an isotropic material becomes,

“ 1—v v v I 0 0 [
& pyp v l—v ¥ 0 0 0 ||Epp
o I Y v 1= 0 0 0
opz| (I4v)l—2v)| 0 0 0 1-2»v 0 O
. 0 0 0 0 1-2v 0
& i/ 0 0 0 0 1—21}__51},_

The three zero'd strain entries in the strain vector indicate that we can ignore their associated columns
in the stiffness matrix (i.e. columns 3, 4, and 5). If we also ignore the rows associated with the stress
components with z-subscripts, the stiffness matrix reduces to a simple 3x3 matrix,

Ty B l—v 0 ey
Typp |= ¥ 1= ( £pp

[l+vj[1—2vj . 01—

Py |

The compliance matrix for plane stressis found by inverting the plane stress stiffness matrix, and is
given by,

£ 1—v —v  Ollo

e _1+v i 9 e
S - R O3y
- 0 0 1 &y

Note that the compliance matrix for plane stressisNOT found by removing columns and rows from
the general isotropic compliance matrix.

ot
L

Plane Strain Hooke's Law via Engineering Strain

e

......

L
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The stress-strain stiffness matrix expressed using the shear modulus G and the engineering shear

Srain ¥y =Exp +Epx =24 s,

The compliance matrix is,

The shear modulus G isrelated to E and v via,
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Solid M echanics: Hooke's L aw
Finding Young's M odulus and Poisson's Ratio

'Voungs Modulus from Uniaxial Tension

e

L

When a specimen made from an isotropic material is subjected to uniaxial tension, say in the x
direction, oy, is the only non-zero stress. The strainsin the specimen are obtained by,

gkes (1 - —v 0 0 ][z
Epp — 1 —» 0 0 0 0
Epr 1= — 1 0 0 0 0
eyz| E|0 0 0 14v 0 0|0
o 00 0 0 1+v 0 |0
ew| L0 0 0 0 0 14y 0]

The modulus of elasticity in tension, also known as Young's modulus E, isthe ratio of stressto strain
on the loading plane along the loading direction,

Common sense (and the 2nd Law of Thermodynamics) indicates that a material under uniaxial tension
must elongate in length. Therefore the Y oung's modulus E is required to be non-negative for all
materials,

E>0

Y
L

......

Poisson's Ratio from Uniaxial Tension

L

A rod-like specimen subjected to uniaxial tension will exhibit some shrinkage in the lateral direction
for most materials. Theratio of lateral strain and axial strain is defined as Poisson'sratio v,

o

The Poisson ratio for most metals falls between 0.25 to 0.35. Rubber has a Poisson ratio close to 0.5
and is therefore almost incompressible. Theoretical materials with a Poisson ratio of exactly 0.5 are
truly incompressible, since the sum of all their strains leads to a zero volume change. Cork, on the
other hand, has a Poisson ratio close to zero. This makes cork function well as a bottle stopper, since
an axially-loaded cork will not swell laterally to resist bottle insertion.

The Poisson'sratio is bounded by two theoretical limits: it must be greater than -1, and |ess than or
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equal to 0.5,

—1{1921
2

The proof for this stems from the fact that E, G, and K are all positive and mutually dependent.

However, it israre to encounter engineering materials with negative Poisson ratios. Most materials
will fall in the range,

Divil
2
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Solid M echanics: Hooke's L aw
Finding the Shear M odulus and the Bulk M odulus

mmmmm

Shear M odulus from Pure Shear

I

When a specimen made from an isotropic material is subjected to pure shear, for instance, a
cylindrical bar under torsion in the xy sense, oy isthe only non-zero stress. The strainsin the
specimen are obtained by,

......

£xx (1 - —v 0 0 [0
£ pp — 1 — 0 0 0 0
Epr 1= — 1 (] 0 (]
epz| E|0 O 0 14v 0 0 0O
el o0 0 0 14v o |0
ep| 100 0 0 0 14vey)

The shear modulus G, is defined as the ratio of shear stress to engineering shear strain on the loading
plane,

o Oxp _ g :r:rl},
Exp +£},I EEIF Prp
. i)
B Efil—l—v:l

The shear modulus G is al'so known as the rigidity modulus, and is equivalent to the 2nd Lamé
constant 1 mentioned in books on continuum theory.

Common sense and the 2nd Law of Thermodynamics require that a positive shear stress leads to a
positive shear strain. Therefore, the shear modulus G is required to be nonnegative for all materials,

G>0

Since both G and the elastic modulus E are required to be positive, the quantity in the denominator of
G must also be positive. This requirement places alower bound restriction on the range for
Poisson'sratio,

v>-1

ot
L

Bulk Modulus from Hydrostatic Pressure

mmmmm

......

o
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When an isotropic material specimen is subjected to hydrostatic pressure g, al shear stresswill be

zero and the normal stresswill be uniform, &y =y =0z = . The strainsin the specimen are

given by,
e (1 —v —v 0 0 ||le
£ pp —v 1 —» 0 0 0 ||e
Epr 1{— —v 1 0 0 0 ||z
Epz| E|0 0 0 14w 0 0 |0
Exy o 0 0 0 14w 0 |0
Exp o 0 0 0 0 I+v||0

In response to the hydrostatic load, the specimen will change its volume. Itsresistanceto do sois
quantified as the bulk modulus K, also known as the modulus of compression. Technically, K is
defined as the ratio of hydrostatic pressure to the relative volume change (which is related to the direct

strains),

_ o _ o
AV e ey ez
R

3(1-2v)

Common sense and the 2nd Law of Thermodynamics require that a positive hydrostatic load leads to a
positive volume change. Therefore, the bulk modulus K is required to be nonnegative for all materials,

K>0

Since both K and the elastic modulus E are required to be positive, the following requirement is
placed on the upper bound of Poisson’sratio by the denominator of K,

v<1/?2

ot
L

Relation Between Relative Volume Change and Strain

L
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For smplicity, consider arectangular block of material with dimensions ag, by, and c;. Its volume V
IS given by,

Yo = apdpep

When the block is loaded by stress, its volume will change since each dimension now includes a direct
strain measure. To calculate the volume when loaded V;, we multiply the new dimensions of the

block,

Vi =agh e r=ag (1+ex )] ba(1+ep oo (1462 )
=V {1 +exr ) (1Hepy |(14+22)
=¥ (1+.9H +epy ez +Eppens Feazn Tty —I-EHE},},EEE)
m V(14 e +epp +6z |

Products of strain measures will be much smaller than individual strain measures when the overall
strain in the block issmall (i.e. linear strain theory). Therefore, we were able to drop the strain

products in the equation above.

The relative change in volume is found by dividing the volume difference by the initial volume,

AV Vy—I
i i

= EH +E}:|}:| +EEE

Hence, the relative volume change (for small strains) is equal to the sum of the 3 direct strains.
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Solid M echanics: Failure Criteria
| ntroduction

......

%tressrBased Criteria

L

The purpose of failure criteriaisto predict or estimate the failure/yield of machine parts and
structural members.

......

A considerable number of theories have been proposed. However, only the most common and
well-tested theories applicable to isotropic materials are discussed here. These theories, dependent on
the nature of the material in question (i.e. brittle or ductile), are listed in the following table:

M aterial

Failure Theories
Type

Ductile | Maximum shear stress criterion, von Mises criterion

Brittle Maximum normal stress criterion, Mohr's theory

All four criteria are presented in terms of principal stresses. Therefore, al stresses should be
transformed to the principal stresses before applying these failure criteria

Note: 1. Whether amateria is brittle or ductile could be a subjective guess, and often depends on
temperature, strain levels, and other environmental conditions. However, a 5%
elongation criterion at break is areasonable dividing line. Materials with alarger
elongation can be considered ductile and those with alower value brittle.

Another distinction is a brittle material's compression strength is usually significantly
larger than its tensile strength.

2. All popular failure criteriarely on only a handful of basic tests (such as uniaxial tensile
and/or compression strength), even though most machine parts and structural members
are typically subjected to multi-axial loading. This disparity is usually driven by cost,
since complete multi-axial failure testing requires extensive, complicated, and expensive
tests.

ot

Non Stress-Based Criteria

......

......
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The success of al machine parts and structural members are not necessarily determined by their
strength. Whether a part succeeds or fails may depend on other factors, such as stiffness, vibrational
characteristics, fatigue resistance, and/or creep resistance.

For example, the automobile industry has endeavored many years to increase the rigidity of passenger
cages and install additional safety equipment. The bicycle industry continues to decrease the weight
and increase the stiffness of bicycles to enhance their performance.

In civil engineering, a patio deck only needs to be strong enough to carry the weight of several people.
However, adesign based on the "strong enough" precept will often result abouncy deck that most
people will find objectionable. Rather, the stiffness of the deck determines the success of the design.

Many factors, in addition to stress, may contribute to the design requirements of a part. Together,
these requirements are intended to increase the sense of security, safety, and quality of service of the
part.
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Solid M echanics: Failure Criteria
Failure Criteriafor Ductile Materials

......

'K/Iaximum Shear StressCriterion

L

The maximum shear stress criterion, also known as Tresca's or Guest's criterion, is often used to
predict the yielding of ductile materials.

......

Yield in ductile materialsis usually caused by the slippage of crystal planes along the maximum shear
stress surface. Therefore, agiven point in the body is considered safe as long as the maximum shear

stress at that point is under the yield shear stress o, obtained from auniaxial tensile test.

With respect to 2D stress, the maximum shear stressis related to the difference in the two principal
stresses (see Mohr's Circle). Therefore, the criterion requires the principal stress difference, along with
the principal stresses themselves, to be less than the yield shear stress,

|§1|£5},, |-:rg|£cr},, a1 e |-:rl—-:rg|£cr},

Graphically, the maximum shear stress criterion requires that the two principal stresses be within the
green zone indicated below,

)
(':TJ,
%y O]
n::rJ,
—('J'J,

[ ™ .
o

Von MisesCriterion

L
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The von Mises Criterion (1913), also known as the maximum distortion energy criterion, octahedral
shear stress theory, or Maxwell-Huber-Hencky-von Mises theory, is often used to estimate the yield of
ductile materials.

The von Mises criterion states that failure occurs when the energy of distortion reaches the same
energy for yield/failurein uniaxial tension. Mathematically, thisis expressed as,

1

2

In the cases of plane stress, o3 = 0. The von Mises criterion reduces to,

{52

2 2 2
[:-:5'1—-:5'2;] —I—[:ﬂ'g—ﬂ'gjl +Iiﬂfj—ﬂ'1;| =y

-:rl2 — o7 —I-r:r% = r:r}%

This equation represents a principal stress ellipse asillustrated in the following figure,

T vion Mses
/ Maximum Shear

Also shown on the figure is the maximum shear stress criterion (dashed line). This theory is more
conservative than the von Mises criterion since it liesinside the von Mises ellipse.

In addition to bounding the principal stresses to prevent ductile failure, the von Mises criterion also
gives areasonable estimation of fatigue failure, especially in cases of repeated tensile and
tensile-shear loading.
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Solid M echanics: Failure Criteria
FailureCriteriafor Brittle Materials

......

'K/Iaximum Normal Stress Criterion
The maximum stress criterion, also known as the normal stress, Coulomb, or Rankine criterion, is
often used to predict the failure of brittle materials.

......

The maximum stress criterion states that failure occurs when the maximum (normal) principal stress
reaches either the uniaxial tension strength oy, or the uniaxial compression strength o,

-0¢ <{0y, 0y} <0y
where 0, and o, are the principal stresses for 2D stress.

Graphically, the maximum stress criterion requires that the two principal stresses lie within the green
zone depicted below,

L

ot

......

......

Mohr's Theory
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The Mohr Theory of Failure, aso known as the Coulomb-Mohr criterion or internal-friction theory, is
based on the famous Mohr's Circle. Mohr's theory is often used in predicting the failure of brittle
materials, and is applied to cases of 2D stress.

Mohr's theory suggests that failure occurs when Mohr's Circle at a point in the body exceeds the
envelope created by the two Mohr's circles for uniaxia tensile strength and uniaxial compression
strength. This envelope is shown in the figure below,

T Uniaxial
Tension

Uniaxial -~
Comprassion

The left circle isfor uniaxial compression at the limiting compression stress o, of the material.
Likewise, the right circleisfor uniaxial tension at the limiting tension stress o;.

The middie Mohr's Circle on the figure (dash-dot-dash line) represents the maximum allowabl e stress
for an intermediate stress state.

All intermediate stress states fall into one of the four categoriesin the following table. Each case
defines the maximum allowable values for the two principal stressesto avoid failure.

— Criterion
Case Principal Stresses r equirements
1 | Bothintension 01>0,0,>0| 01<0 0,<0;
2 | Bothin compression 0,<0,0,<0 | 04 >-0, 0> -0,

93

. . : : 0
3 | ojintension, o, in compression | 61 >0,0,<0 e B < 1
Oy T
: . . . 9 92
4 | 0qIncompression, oy intension | 61 <0,0,>0 +—=<1
—r r
C f
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Graphically, Mohr's theory requires that the two principal stresses lie within the green zone depicted
below,

Maamum Stress

G2
Mohr's \ o,

Also shown on the figure is the maximum stress criterion (dashed line). This theory isless
conservative than Mohr's theory since it lies outside Mohr's boundary.
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Solid M echanics: Failure Criteria
Techniquesfor Failure Prevention and Diagnosis

There exist a set of basic techniques for preventing failure in the design stage, and for diagnosing
failure in manufacturing and later stages.

Y

In the Design Stage

......

......

It is quite commonplace today for design engineers to verify design stresses with finite element (FEA)
packages. Thisis fine and good when FEA is applied appropriately. However, the popularity of finite
element analysis can condition engineersto look just for red spots in simulation output, without really
understanding the essence or funda at play.

By following basic rules of thumb, such danger points can often be anticipated and avoided without
total reliance on computer simulation.

Maximum stresses are often located at loading points, supports,

~ezellg el joints, or maximum deflection points.

Stress concentrations are usually located near corners, holes, crack
tips, boundaries, between layers, and where cross-section areas
change rapidly.

Stress
Concentrations | Sound design avoids rapid changes in material or geometrical

properties. For example, when alarge hole is removed from a
structure, a reinforcement composed of generally no less than the
material removed should be added around the opening.

The addition of safety factorsto designs allow engineers to reduce
Safety Factors | senditivity to manufacturing defects and to compensate for stress
prediction limitations.

Y
L

In Post-M anufacturing Stages

L

......

......

Despite the best efforts of design and manufacturing engineers, unanticipated failure may occur in
parts after design and manufacturing. In order for projects to succeed, these failures must be
diagnosed and resolved quickly and effectively. Often, the failure is caused by a singular factor, rather
than an involved collection of factors.

Such failures may be caught early ininitial quality assurance testing, or later after the part is delivered
to the customer.
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Stress concentrations may be induced by inadequate manufacturing

ProCcesses.
|nduced

Stress For example, initial surface imperfections can result from sloppy
Concentrations | machining processes. Manufacturing defects such as size mismatches
and improper fastener application can lead to residual stresses and
even cracks, both strong stress concentrations.

Damages during service life can lead a part to failure. Damages such
as cracks, debonding, and delamination can result from unanticipated
resonant vibrations and impacts that exceed the design loads.
Reduction in strength can result from exposure to UV lights and
chemical corrosion.

Damage
and Exposure

Fatigue Fatigue or creep can lead a part to failure. For example, unanticipated
and Creep fatigue can result from repeated mechanical or thermal loading.
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Beams: | ntroduction

......

m¥

Euler-Bernoulli Beam Equation

L
L

¢

......

The out-of -plane displacement w of abeam is governed by the Euler-Bernoulli Beam Equation,

2 2
g Eg‘f W
art | ax?

where p is the distributed loading (force per unit length) acting in the same direction asy (and w), E is
the Y oung's modulus of the beam, and | is the area moment of inertia of the beam's cross section.

- P

If E and | do not vary with x along the length of the beam, then the beam equation simplifiesto,

.:;t’qw
E.Lir—d =P
ax

o T L L

Origin of the Beam Equation

L

......

The Euler beam equation arises from a combination of four distinct subsets of beam theory: the
Kinematic, constitutive, force resultant, and equilibrium definition equations.

The outcome of each of these segmentsis summarized here:

Kinematics. |y =—-§ = ——

Congtitutive:|a(x, ¥ = B+ =(x, 3]

M) = [y olxy)drd

Resultants:
Vix)= _[_[C'x_p'ix,.}f} dy dz
A i
Equilibrium:|— =" - =-
- dx afx &
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To relate the beam's out-of -plane displacement w to its pressure loading p, we combine the results of
the four beam sub-categoriesin the order shown,

Beam

Kinematics -> Constitutive -> Resultants -> Equilibrium = :
Equation

Welll demonstrate this hierarchy by working backwards. We first combine the 2 equilibrium equations
to eliminate V,

a4 M
cfxz

- F

Next replace the moment resultant M with its definition in terms of the direct stress o,

Use the constitutive relation to eliminate o in favor of the strain €, and then use kinematics to replace
€ in favor of the normal displacement w,

o]
f—
f—

ot

Ay |

&

&

I

P g Ej—f”.}fz'dy'cﬁz =-r

d* | d*w
dr’ E.:;t’x2 ”fidyldﬁ -

As afina step, recognizing that the integral over y2 is the definition of the beam's area moment of
inertial,

f=”y2-.:fy-.:fz

allows usto arrive at the Euler-Bernoulli beam equation,

2 2
4 Ejd W
art | ax?

- F
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Beams. Kinematics

Kinematics

Kinematics describe how the beam's deflections are tracked. We've already mentioned the
out-of-plane displacement w, the distance the beam's neutral plane moves from its resting (unl oaded)
position. Out-of-plane displacement is usually accompanied by a rotation of the beam's neutral plane,

defined as 6, and by arotation of the beam's cross section, ¥,

| r
P—%ﬁ
| D
S

Deformed
State
—_———
T
| -
Undeformed _ _ | _ __ |
State

What we really need to know is the displacement in the x-direction across a beam cross section, u(x,y),
from which we can find the direct strain €(x,y) by the equation,

_du
X

To do so requires that we make afew assumptions on just how a beam cross section rotates. For the
Euler beam, the assumptions were given by Kirchoff and dictate how the "normals’ behave (normals
are lines perpendicular to the beam'’s neutral plane and are thus embedded in the beam's cross
sections).

S

Kirchhoff Assumptions
1. Normalsremain straight (they do not bend)
2. Normals remain unstretched (they keep the same length)

3. Normalsremain normal (they always make aright angle to the neutral plane)
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With the normals straight and unstretched, we can safely assume that thereis neglible strainin they
direction. Along with normals remaining normal to the neutral plane, we can make the x and y
dependance in u(x,y) explicit viaa simple geometric expression,

w(x,y) = xix)y
With explicit x dependance in u, we can find the direct strain throughout the beam,

i
(%, ) =£'P

Finally, again with normals aways normal, we can tie the cross section rotation X to the neutral plane
rotation 8, and eventually to the beam's displacement w,
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Beams. Constitutive Equation

......

onstitutive

......

% OF

The constitutive equation describes how the direct stress ¢ and direct strain € within the beam are
related.

Direct means perpendicular to a beam cross section; if we were to cut the beam at a given location, we
would find a distribution of direct stress acting on the beam face,

t e
X

Beam theory typically uses the smple 1-dimensional Hooke's Equation,

olx,y) = B s(xy]

Note that the stress and strain are functions of the entire beam cross section (i.e. they can vary with y).
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Beams: Force Resultants

ﬁ%ultants

Force resultants are a convenient means for tracking the important stressesin abeam. They are
analogous to the moments and forces of statics theory, in that their influence is felt thoughout the
beam (as opposed to just alocal effect). Their convenience lies in them being only functions of X,
whereas stresses in the beam are functions of x and y.

If we were to cut abeam at a point x, we would find adistribution of direct stresses o(y) and shear
stresses Oy (Y),

}

Each little portion of direct stress acting on the cross section creates a moment about the neutral plane
(y = 0). Summing these individual moments over the area of the cross-section is the definition of the
moment resultant M,

M(x) = [y otxy)ydydz

where z is the coordinate pointing in the direction of the beam width (out of the screen). Summing the
shear stresses on the cross-section is the definition of the shear resultant V,

V(x) = [ Joup(x) dyde

There is one more force resultant that we can define for completeness. The sum of all direct stresses
acting on the cross-section is known as N,

Nix) =I_[cr(x,yj'cfy'ciz

N(X) isthe total direct force within the beam at some point X, yet it does not play arolein (linear)
beam theory since it does not cause a displacement w. Instead, it plays arolein the axial displacement
of rods and bars.

By inverting the definitions of the force resultants, we can find the direct stress distribution in the
beam due to bending,
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A
o(x,y) ===
i
Note that the bending stress in beam theory is linear through the beam thickness. The maximum
bending stress occurs at the point furthest away from the neutral axis, y = c,

What about the other non-linear direct stresses shown acting on the beam cross section? The average
value of the direct stressis contained in N and does not contribute to beam theory. The remaining
stresses (efter the average and linear parts are subtracted away) are self-equilibriating stresses. By a
somewhat circular argument, they are self-equilibriating precisely because they do not contribute to M
or N, and therefore they do not play a global role. On the contrary, self-equilibriating loads are
confined to have only alocalized effect as mandated by Saint-Venant's Principle.
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Beams: Force Equilibrium

......

'I;:orce Equilibrium

L

......

The equilibrium equations describe how the beam carries external pressure loads with its internal
stresses. Rather than deal with these stresses themselves, we choose to work with the resultants since
they are functions of x only (and not of y).

To enforce equilibrium, consider the balance of forces and moments acting on a small section of
beam,
L

V+dV
M
(l T)u{m
A

- gy —=

Equilbrium in the y-direction gives the equation for the shear resultant V,
i’ _
ox

Moment equilibrium about a point on the right side of the beam gives the equation for the moment

resultant M,

—F

M _
X

Note that the pressure |oad p does not contribute to the moment equilibrium equation.

o
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Beams. Symbols

Notation and symbols commonly used in Euler-Bernoulli beam theory are summarized below:

o
L

I ndependent Parameters

L

......

Quantity Symbol Object Units
elastic modulus E scalar N/m?2
area moment of inertia I scalar m?
line pressure load p scalar N/m
concentrated force load P scalar N
location along beam X scalar m
height above neutral surface y scalar m
Eependent Parameters
Quantity Symbol Object Units
transverse displacement w scalar m
slope of neutral surface ) scalar radian
rotation of beam cross section X scalar radian
moment resultant M scalar N-m
shear resultant Vv scalar N
stress o scalar N/m?2
strain £ scalar 1

Neutral Plane - Plane in the beam where all bending stresses are zero. It is the reference point for the
integral defining the Area Moment of Inertia, I.

Line Pressure L oad - Out of convenience, beam theory defines the units for a pressure load as [N/m],
as opposed to real pressure units[N/m?2]. To convert areal pressure to this line pressure for beams,
multiply the true pressure by the beam width,

Fheam = Prue ‘b
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Beams. Sign Convention

The sign convention used in the beam section is defined in the following illustrations. Notice that
unlike some publications on this subject, the loading term P(x) points to the same direction as y-axis.

Please refer to the Euler-Bernoulli beam theory for more details.

14 P(x)

11T

————————————————————— ——=X

The loading P and deflection y directions indicated are positive

The bending moment M direction indicated is positive

+

-t~

The shear force V direction indicated is positive.

L]
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Buckling: Introduction

Compression Members

L

Compression members, such as columns, are mainly subjected to axial forces. The principal stressin a
compression member is therefore the normal stress,

F
Short F
Compression Ductile Brittle
Me mber Material Material

However, when a compression member becomes longer, the role of the geometry and stiffness
(Young's modulus) becomes more and more important. For along (slender) column, buckling occurs
way before the normal stress reaches the strength of the column material. For example, pushing on the
ends of a business card or bookmark can easily reproduce the buckling.

F
Long
Compression F
Member Buckling

For an intermediate length compression member, kneeling occurs when some areas yield before
buckling, as shown in the figure below.
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F
Imtermediate
Compress fon F
Member Kneeling

(Inelastic Buckiing)

In summary, the failure of a compression member has to do with the strength and stiffness of the
material and the geometry (slenderness ratio) of the member. Whether a compression member is
considered short, intermediate, or long depends on these factors. More quantitative discussion on
these factors can be found in the next section.

ot
L

Design Considerations
In practice, for a given material, the allowable stress in a compression member depends on the
slendernessratio L / r and can be divided into three regions: short, intermediate, and long.

Short columns are dominated by the strength limit of the material. Intermediate columns are bounded
by the inelastic limit of the member. Finally, long columns are bounded by the elastic limit (i.e.

Euler's formula). These three regions are depicted on the stress/slenderness graph bel ow,

F/A Inalastic
Stabilin
Limit

o, B
(Strength Limi)

i
1
\

1
1

]
4

Euler’s Farmula
(Elastic Stabllity Limit)

Shart
Intermediate

§

0 s

The short/intermediate/long classification of columns depends on both the geometry (slenderness
ratio) and the material properties (Y oung's modulus and yield strength). Some common materials used
for columns are listed below:
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Short Column I nter mediate Column L ong Column
Material (Strength Limit) | (Inelastic Stability Limit) | (Elastic Stability Limit)
Slenderness Ratio (SR= L/ 1)

Structural Steel R<40 40 < SR< 150 SR> 150
Aluminum Alloy

AA 6061 - T6 SR<95 9.5<SR<66 SR> 66
Aluminum Alloy

AA 2014 - T6 R<12 12<SR<55 SR>55

Wood R<11 11 <SR< (18~ 30) (18 ~30) <SR<50

In the table, L is the effective length of the column, and r is the radius of gyration of the

cross-sectional area, defined as » — \/E :
A
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Buckling: Critical L oad

uler's Formula

¥ Mm%

F Consider along ssimply-supported column under an external axial

load F, as shown in the figure to the left. The critical buckling load
(elastic stability limit) is given by Euler's formula,

B’
2

L where E isthe Y oung's modulus of the column materia, | isthe area
moment of inertia of the cross-section, and L is the length of the
L column.

FEJ’

v Note that the critical buckling load decreases with the square of the
column length.

Simply supported column
subjected to axial load F

| xtended Euler's Formula

L
L

In general, columns do not always terminate with simply-supported ends. Therefore, the formula for
the critical buckling load must be generalized.

m¥

r

The generalized equation takes the form of Euler's formula,

_ Eix?
- 4

FEJ’
Lefr

where the effective length of the column L+ depends on the boundary conditions. Some common
boundary conditions are shown in the schematics bel ow:

N ¥ NN

] N

—_—
Hinged Free Guided Clamped
w=M=0 V=M=0 A=\"=0 w=d=_

The following table lists the effective lengths for columns terminating with a variety of boundary
condition combinations. Also listed is a mathematical representation of the buckled mode shape.
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Theoretical Engineering
Boundary Effective Effective _
Conditions L ength Length Buckling Mode Shape
Les LestE
Free-Free L (1.2-L) s111 %
Hinged-Free L (L.2-L) 3111 %
Hinged-Hinged . X
(Simply-Supported) L L AL ——
Guided-Free 2L 2.1L) sin
24
Guided-Hinged oL oL Cos
25
Guided-Guided L 1.2 Cos %
Clamped-Free X
(Cantilever) e 2L =eom
sindx — Kl cos bz + KL [l—i]
Clamped-Hinged 0.7-L 0.8-.L L
where k =14318 2
L
. X
Clamped-Guided L 1.2:.L 1— msf
Clamped-Clamped 0.5.L 0.65.L 1—cos ETH

In the table, L represents the actual length of the column. The effective length is often used in column
design by design engineers.
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Buckling: Elastic Buckling

Eover ning Equation for Elastic Buckling

Consider a buckled simply-supported column of length L under an external axial compression force F,
as shown in the left schematic below. The transverse displacement of the buckled columnis
represented by w.

F '

F

W F
S
X
Y W
F
Simply supported column
subjected to axial load F Free body diagram

The right schematic shows the forces and moments acting on a cross-section in the buckled column.
Moment equilibrium on the lower free body yields a solution for the internal bending moment M,

Fw—M =1

Recall the relationship between the moment M and the transverse displacement w for an
Euler-Bernoulli beam,

M=K d—x = —EIE
X efx
f Ew
=—FKi
.:;ll'x2

Eliminating M from the above two equations results in the governing equation for the buckled slender
column,
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ot

Buckling Solutions

L

The governing equation is a second order homogeneous ordinary differential equation with constant
coefficients and can be solved by the method of characteristic equations. The solution is found to be,

w(x) = Asin pex + B cosmx

where m* = % . The coefficients A and B can be determined by the two boundary conditions
w0 =w(l) =0, which yields,

£=0

Asin ml =1

The coefficient B is always zero, and for most values of m* L the coefficient A isrequired to be zero.
However, for special cases of m*L, A can be nonzero and the column can be buckled. The restriction
on m*L is also arestriction on the values for the loading F; these special values are mathematically
called eigenvalues. All other values of F lead to trivial solutions (i.e. zero deformation).

sin sl =10
i
= =?3E where n =125 ...

2
#FzEI[E]
I

The lowest load that causes buckling is called critical load (n = 1).

2
Eim
Foy =——

LE

The above equation is usually called Euler's formula. Although Leonard Euler did publish the
governing equation in 1744, J. L. Lagrange is considered the first to show that a non-trivial solution
exists only when nis an integer. Thomas Y oung then suggested the critical load (n = 1) and pointed
out the solution was valid when the column is slender in his 1807 book. The "slender" column idea
was not quantitatively developed until A. Considere performed a series of 32 testsin 1889.

The shape function for the buckled shape w(x) is mathematically called an eigenfunction, and is given
by,

wix) = Aszin [?]
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Recall that this eigenfunction is strictly valid only for simply-supported columns.

Note: 1. Boundary conditions other than simply-supported will result in different critical loads
and mode shapes.

2. The buckling mode shape is valid only for small deflections, where the materia is still
within its elastic limit.

3. Thecritical load will cause buckling for slender, long columns. In contrast, failure will
occur in short columns when the strength of material is exceeded. Between the long and
short column limits, there is a region where buckling occurs after the stress exceeds the
proportional limit but is still below the ultimate strength. These columns are classfied as
intermediate and their failure is called inelastic buckling.

4. Whether acolumn is short, intermediate, or long depends on its geometry as well as the
stiffness and strength of its material. This concept is addressed in the columns
introduction page.
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Buckling: Inelastic Buckling

Intermediate Columns

L

The strength of a compression member (column) depends on its geometry (slendernessratio L/ 1)
and its material properties (stiffness and strength).

The Euler formula describes the critical load for elastic
buckling and is valid only for long columns. The ultimate

compression strength of the column material is not
geometry-related and is valid only for short columns.

In between, for a column with intermediate length, buckling
occurs after the stressin the column exceeds the
proportional limit of the column material and before the
stress reaches the ultimate strength. Thiskind of situation is
called inelastic buckling.

This section discusses some commonly used inelastic Intermediate
buckling theories that fill the gap between short and long ~ Compression F
columns. Member Kneeling

{ Inelastic Buckling)

r

angent-M odulus Theory

g

a Suppose that the critical stress o; in an intermediate
column exceeds the proportional limit of the material .

The Y oung's modulus at that particular stress-strain point
isno longer E. Instead, the Y oung's modulus decreasesto
the local tangent value, E;.

Replacing the Y oung's modulus E in the Euler's formula
with the tangent modulus E;, the critical load becomes,

B Im?
h=—
Lefr

The corresponding critical stressis,

EI’JTE

(Lagt fr )

G"I=
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Note: 1. The proportional limit oy, rather than the yield stress oy, is used in the formula

Although these two are often arbitrarily interchangeable, the yield stressis about equal to
or dlightly larger than the proportional limit for common engineering materials.
However, when the forming process is taken into account, the residual stresses caused by
processing can not be neglected and the proportional limit may drop up to 50% with
respect to the yield stress in some wide-flange sections.

2. The tangent-modulus theory tends to underestimate the strength of the column, since it
uses the tangent modulus once the stress on the concave side exceeds the proportional
limit while the convex sideis still below the elastic limit.

3. The tangent-modulus theory oversimplifies the inelastic buckling by using only one
tangent modulus. In reality,the tangent modulus depends on the stress, which isa
function of the bending moment that varies with the displacement w.

ot

Reduced-Modulus Theory

L

The Reduced Modulus theory defines a reduced Y oung's modulus E; to compensate for the
underestimation given by the tangent-modul us theory.

For a column with rectangular cross section, the reduced modulusis defined by,
45
WE+E)

where E is the value of Y oung's modulus below the proportional limit. Replacing E in Euler's formula
with the reduced modulus E,, the critical load becomes,

2
B = B Fr
Lefr
The corresponding critical stressis,
B
(Lest /1)

Note: 1. The reduced-modulus theory tends to overestimate the strength of the column, sinceitis
based on stiffness reversal on the convex side of the column.

2. The reduced-modulus theory oversimplifies the inelastic buckling by using only one
tangent modulus. In reality, the tangent modul us depends on the stresswhichisa
function of the bending moment that varies with the displacement w.
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Buckling: Initially Curved Columns

e

Imperfectionsin Columns

L

......

Consider a curved column with an initial shape wg(X) that is under an axial load F,

F J,

F

Initially Curved
Column

L \#" M
F
M
W+,
F
Simply supported column
subjected to axial load F Free body diagram

Enforcing the moment equilibrium of the free-body yields the equation,
Flwtwy)—M =0
The governing equation for the transverse displacement w can then be expressed as,

2
) w+£w:_Fw|:|
gt EI Ei

The above equation contains a non-homogeneous term -Fwg/El. To ssimplify the problem, we assume
that theinitial curve isasimple half sine wave with an amplitude a,
. T
W = ¢ 51—

The general solution isfound to be,
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ey

al sin E 7 [ M]

= =
T : Fop—F
_] _F
L
_ Ff Py
1= F[#y

B [
bt

2
where = ‘Ef‘;r isthe critical load of a straight column.

oy =
L
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Buckling: Eccentric Loads

Eccentr ic Axial Load

L

In the case of an ideal column under an axial load, the column remains straight until the critical load is
reached. However, the load is not always applied at the centroid of the cross section, asis assumed in
Euler buckling theory. This section analyzes a simply-supported column under an eccentric axial load.

Consider a column of length L subject to an axial force F. On one end of the column, the force F is
applied a distance e from the central column axis, as shown in the schematic bel ow.

F

#\FE

L aﬁ#;rfﬂd
F
—
W
Fe
Simply supported column subjected F
to eccentric axial load F Free body diagram

Balance the moments on the free-body diagram on the right requires that,
Fw+ Fe—MA =1

The governing equation for the column'’s transverse displacement w can then be written as,

diw F Fe

+—w=——
gt Bl Ei

where M was eliminated using Euler-Bernoulli beam theory. The above equation contains a
non-homogeneous term -Fe/El and its general solutionis,

wi(x) = Asinmx + Scosmr—e
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where mz = % . The coefficients A and B depend on the boundary conditions. For asimply
supported column the boundary conditions are,
w0 =w(l)=I0

The solution for the column'’s displacement is therefore,

W=g tan?sinm—l—cﬁsm—l

where s~ = —.
B

Y
L

Secant Formula

L

In practice, engineers are usually interested in the maximum stress rather than the displacement curve
alone. The secant formula discussed in this section derives the maximum stress from the displacement
formula obtained in the previous section.

The normal stress in the column results from both the direct axial load F and the bending moment M
resulting from the eccentricity e of the force application,

o =£—|—%
A i
_F Flwte)y
A f

where A isthe cross-section area, and | is the moment of inertia of the cross section.

The maximum stressis located at the extreme fiber on the concave side (y = c¢) of the middle point (x
= L/2) of the column,

& e =£_|_Mma}ﬂ"ﬂﬂx

A I

F N F[Wmax -I—e?:lr:

A i

where,

W =w[£]=€[sec%—l]
A 5 5

(obtained by applying basic trigonometric relations to the displacement formulain the previous
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section). The parameter c is the distance from the centroidal axis to the extreme fiber on the concave
side of the column.

Expanding the formula for the maximum stress, we have,

F F.oerc il
— SEC

A { z

=£1+ﬂecsec[ ié]
A I \JEI 2

Theradius of gyrationr isdefined as » — \/E . Working r into the above stress equation results in
A

A —

the secant for mula for maximum stress,

i _ & 1_|_£'.:? SEC £ L
ER A 2 BA 2

The secant formulaindicates that in addition to the axial load F and cross-section area A, the
maximum stress also depends on the eccentricity ratio ec/r2 and the slenderness ratio L/r.

Note: 1. The secant formula can be used to compute the allowable normal stressfor agiven

design,
ra ac 77
T = — |1 +—sec| [— —
ﬂ[ 2 [ﬂ EA Zr

where a4, IS the maximum allowable stress (e.g. yield stress).

= Tallow

2. If the eccentricity eis zero, the secant formula no longer applies. In this case Euler's
formula must be used for slender beams.

Mn{FfA, Fyfd}<oaiow

2
E i
where —— = ooy = -
A Are
_ Er?
(Zhry
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Buckling: Beam Columns

......

Beam-Column Equation

L -
e

The out-of-plane transverse displacement w of a beam subject to in-plane loads is governed by the
equation,

oo¥%

¢

.:I‘Ew

r:;f'x2

where p is adistributed transverse load (force per unit length) acting in the positive-y direction, fisan
axial compression force, E isthe Y oung's modulus of the beam, and | is the area moment of inertia of
the beam's cross section. The above equation is sometimes referred to as the beam-column equation,
since it exhibits behaviors of both beams and columns,

p 2
.:z’;':2

4
dx

REA P
efx

Ei g

=F

If E and | do not vary with x across the length of the beam and f remains constant, denoted as F, then
the beam-column equation can be smplified to,

4 y,
ay :?-I-Fd ‘;’=p
ax ax

......

%)rigin of the Beam-Column Equation

L

Similar to the Euler-Bernoulli beam equation, the beam-column equation arises from four distinct
subsets of beam-column theory: kinematics, consitutive, force resultants, and equilibrium.

......

The outcome of each of these segments is summarized as follows:

_.:I'w

Kinematics. |y =—f = d_
A

Condglitutive: |z (x,y) = E & (x,¥)

N(x)sz.:rx (x, ) dvdz

Resultants. M[x]szy-ﬁx[:x,y}-dy-ciz

V[ﬂ:ffgl}, (x.) - dy-dz
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Equilibrium:ﬂ—j".,ir-;rjzfxr ﬁ
% dx

I
I
b

In the equilibrium equations, N isthe axial force resulting acting in atensile manner (oppositein
direction to the compressive resultant f).

To relate the beam's out-of -plane displacement w to its pressure loading p, we combine the results of
the four sub-categoriesin the following order:

Beam-Column

Kinematics => Constitutive => Resultants => Equilibrium => :
Equation

This hierarchy can be demonstrated by working backwards. First combine the two equilibrium
eguations to eliminate V:

‘M d
ﬁf}fz Ef;'i.'

—[¥-x|=—r
Next replace the moment resultant M with its definition in terms of the direct stress o:

Ufycrx x;u‘ Jrdydz|—

Use the constitutive relation to eliminate o in favor of the strain €, and then use kinematics to replace
€ in favor of the normal displacement w:

fnyxﬂfyth] j[Nx] —p

j[NJﬂ] —p

2
: du d .:;t’;.f e “w
Smces:,_f:E cfx(x )= ~ y=_d =y
x
2
o o
=}—2 ff_:u‘ ey .::ﬁz] [N }.f]——
adx= L
20
:}.:i Eff g r:;Ez of chw
dxz Fyoay IE .:I’x dx —

Asafinal step, recognizing that the integral over y2 is the definition of the beam's area moment of
inertial,
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f=ffy3-.:fy-.iz

We arrive at the beam-column equation based on the Euler-Bernoulli beam theory,

.:I’EW
ﬁf;':2

_d
ofx

cfw

.:1’2

Ei
cfxg

fx — 7

Since columns are usually used as compression members, engineers may be more familiar with the
axial compression resultant f than the tensile resultant N. Let f = -N. The beam-column equation
expressed with f is therefore,

.:1'2

cfxz

&
dx

gty

.:fzw aw
efx

I 2+
X

fF—|=F
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Dynamics:. I ntroduction

......

Definition

L

......

The simplest vibratory system can be described by a single mass connected to a spring (and possibly a
dashpot). The massis allowed to travel only along the spring elongation direction. Such systems are
called Sngle Degree-of-Freedom (SDOF) systems and are shown in the following figure,

k

A0

Cy

——— .|ir|-'_| = X

(= s

Equation of Motion for SDOF Systems

e

L

SDOF vibration can be analyzed by Newton's second law of motion, F = m*a. The analysis can be
easily visualized with the aid of afree body diagram,

I3 — ma
kx
——— 1) mx
ﬂh — —————
O
- e Y = mx

The resulting equation of motion is a second order, non-homogeneous, ordinary differential equation:
mx ekt = fit)
with theinitial conditions,

xig=01=xg
xE =0) =

The solution to the general SDOF equation of motion is shown in the damped SDOF discussion.
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Dynamics. Undamped SDOF System

efinition of an Undamped SDOF System

"] D‘Ir

!

If there is no external force applied on the system, 7 i1 = 0, the system will experience free
vibration. Motion of the system will be established by an initial disturbance (i.e. initial conditions).

Furthermore, if there is no resistance or damping in the system, ,, =0, the oscillatory motion will

continue forever with a constant amplitude. Such a system is termed undamped and is shown in the
following figure,

k

TAMAA ™

ot

Time Solution for Undamped SDOF Systems

L

The equation of motion derived on the introductory page can be simplified to,

mit+hkx=10
with the initial conditions,

xE=0)=xg

xE =0) =

This equation of motion is a second order, homogeneous, ordinary differential equation (ODE). If the

mass and spring stiffness are constants, the ODE becomes a linear homogeneous ODE with constant
coefficients and can be solved by the Characteristic Equation method. The characteristic equation for

this problemiis,

msz + k=10

which determines the 2 independent roots for the undamped vibration problem. The final solution
(that contains the 2 independent roots from the characteristic equation and satisfies the initial

conditions) is,
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x(E) =r:1e='mnr +c32_m”r
=dl| cos wy,l +dqsin oy,
— LI
= X)) = 7 cos eyt +——s1n e,
iy,

The natural frequency w;, is defined by,

k
m}-!: -
FH

and depends only on the system mass and the spring stiffness (i.e. any damping will not change the
natural frequency of a system).

Alternatively, the solution may be expressed by the equivalent form,

xit) = Apcos eyt —wp )

where the amplitude Ay and initial phase @, are given by,

2
-
“h

'§f’[l=tan_1[ 10 ]
ANy

Y

Sample Time Behavior

The displacement plot of an undamped system would appear as,
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— ' — I
dnie, 67'm
n

Please note that an assumption of zero damping istypically not accurate. In reality, there amost
always exists some resistance in vibratory systems. This resistance will damp the vibration and
dissipate energy; the oscillatory motion caused by the initial disturbance will eventually be reduced to

Z€EXO0.
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Dynamics. Damped SDOF System

e

Definition
Free vibration (no external force) of a single degree-of-freedom system with viscous damping can be
illustrated as,

......

k

AR

m

.

Cy

-l—]ir” —l-|—l-_]['

Damping that produces a damping force proportional to the mass's velocity is commonly referred to as
"viscous damping", and is denoted graphically by a dashpot.

g ——— e —_—————T

Time Solution for Damped SDOF Systems

e

L

For an unforced damped SDOF system, the general equation of motion becomes,

mEto,itia=10
with the initial conditions,
xig=0)=xp
xE =0) =1

This equation of motion is a second order, homogeneous, ordinary differential equation (ODE). If al

parameters (mass, spring stiffness, and viscous damping) are constants, the ODE becomes a linear
ODE with constant coefficients and can be solved by the Characteristic Equation method. The
characteristic equation for this problem is,

s +ops +E=0

which determines the 2 independent roots for the damped vibration problem. The roots to the
characteristic equation fall into one of the following 3 cases:
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1. If ’31:2 — 4wk <0, the system is termed underdamped. The roots of the characteristic

eguation are complex conjugates, corresponding to oscillatory motion with an
exponential decay in amplitude.

2. |If cuz — i =0, the system is termed critically-damped. The roots of the

characteristic equation are repeated, corresponding to simple decaying motion with at
most one overshoot of the system's resting position.

3. If cpz — dwie > 0, the system is termed overdamped. The roots of the characteristic

equation are purely real and distinct, corresponding to simple exponentially decaying
motion.

To simplify the solutions coming up, we define the critical damping c., the damping ratio ¢, and the

damped vibration frequency wy as,
i
Cp = 2, |— = 2oy,
FH

r=5v

Ce

wg =41 e,

where the natural frequency of the system wy, is given by,

k
mn— i
FH

Note that wy will equal w,, when the damping of the system is zero (i.e. undamped). The time
solutions for the free SDOF system is presented below for each of the three case scenarios.

To obtain the time solution of any free SDOF system (damped or not), use the SDOF Calculator.

Y

Underdamped Systems
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When “31:2 — i <0 (equivalentto ¢ <1lor ¢, < ), the characteristic equation has a pair of
complex conjugate roots. The displacement solution for thiskind of systemiis,

_rainfi=27 oy [—.g'—n.h—.fz iy
x(t) =c8 +cqe
—go0n [.:1!’1 cos [yt ) +dg sin Iimdf,;l]
= xi{t) = o0 X COS limd.ﬁ:l—l—m 0 3 sin (gt ]
Exponentially ]
decay Feriodic motion

An dternate but equivalent solution is given by,

x(£) = 4y P T [md.ﬁ — u;agjl

Ezponentially — poqodic
decay

The displacement plot of an underdamped system would appear as,

x(t

-~
I - T,=2n/w,

A

Note that the displacement amplitude decays exponentially (i.e. the natural logarithm of the amplitude
ratio for any two displacements separated in time by a constant ratio is a constant; long-winded!),
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4 ADE—E%(H.::‘}EGS(@D) B o C kL) e, T,

A1 :Ang—fmﬂlr;;.:Jrl)rd]m(m) T [V

2T 2
g | =, T :.;'%_:i
A4 g 1= 2
4
1 AT _ N
where 73 = — = — isthe period of the damped vibration.
Ja g

fa

Critically-Damped Systems

L

When EPE — i =0 (equivalentto {7 =1or «, = ¢, ), the characteristic equation has repeated real
roots. The displacement solution for this kind of systemiis,

x(f) = licl —I—cg.ﬁjlé'_mﬁr

= x{{) = gt [ID -I—livn ~+ ey 2 )f,]

The critical damping factor c. can be interpreted as the minimum damping that results in non-periodic
motion (i.e. ssimple decay).

The displacement plot of a critically-damped system with positive initial displacement and velocity
would appear as,

x(1)

T,=2mw
n

T" 2 Tn
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The displacement decays to a negligible level after one natural period, T,,. Note that if the initial
velocity Vg is negative while the initial displacement xg is positive, there will exist one overshoot of
the resting position in the displacement plot.

ot

Overdamped Systems

When EPE —dmef > 0 (equivalentto & >1or ¢, > ¢, ), the characteristic equation has two distinct
real roots. The displacement solution for thiskind of systemiis,

T 1 |t — 2% 1 |ayt
x(t) =2 +iqe
A ooy [~§+\l§‘?‘7—1]+1’n —5+J¢T—1 iyt
== x(f) = - \IET_I Ed +
—xpey, [C— Cz—l]—vn % 1 |t

=

Qe A4 —1

The displacement plot of an overdamped system would appear as,

x(1)

Highly over-damped

& lizinly
over-damped
1 1 — ——— ]

T,=2n/o, T, 2T,

The motion of an overdamped system is non-periodic, regardiess of the initial conditions. The larger
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the damping, the longer the time to decay from an initial disturbance.

If the system is heavily damped, ¢ == 1, the displacement solution takes the approximate form,

x(£) ms x4 EE—D%(I—E_Egm”r)
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Dynamics. Harmonic Excitation

SDOF Systems under Harmonic Excitation

L

When a SDOF system is forced by f(t), the solution for the displacement x(t) consists of two parts: the
complimentary solution, and the particular solution. The complimentary solution for the problemis
given by the free vibration discussion. The particular solution depends on the nature of the forcing

function.

When the forcing function is harmonic (i.e. it consists of at most a sine and cosine at the same
frequency, a quantity that can be expressed by the complex exponential e®), the method of
Undetermined Coefficients can be used to find the particular solution. Non-harmonic forcing
functions are handled by other techniques.

Consider the SDOF system forced by the harmonic function f(t),

k
m e o
71 J—f e’
C acosmi+ bsinot

f ly ———a

The particular solution for this problem is found to be,

Xy () = fg it
(o — o™ ) Ficow

The general solution is given by the sum of the complimentary and particular solutions multiplied by
two weighting constants c; and ¢y,

2(0) =6 % (0) +oy 7, ()

The values of ¢; and ¢, are found by matching x(t = 0) to theinitial conditions.

Undamped SDOF Systems under Har monic Excitation

L
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For an undamped system (c,, = 0) the total displacement solution is,

x(f) =dj cosmyt +dqsin wyt +L}€imr
k& — e
imfu
7 s S ot
= () = | xp ————=|cosapt + mw® | it A —20
o i) “n o — i

If the forcing frequency is close to the natural frequency, e == e, , the system will exhibit resonance
(very large displacements) due to the near-zeros in the denominators of x(t).

When the forcing frequency is equal to the natural frequency, we cannot use the x(t) given above as it
would give divide-by-zero. Instead, we must use L'Hospital's Rule to derive a solution free of zerosin

the denominators,

x(E) = x[ COS8 oy d —I—‘P—Dsin ey +
(o

H

litn [L(EEWI — COS tyf — I 51N mnﬁ)]

2
i) —*ily, | A — #2e0

Voo ; .

= X[ COS .E—I——Dsm E—fn% iﬁem”r—z’smmﬁ

0 h o el ok H
H

To smplify x(t), let's assume that the driving force consists only of the cosine function,

i = fpoosmi

K Tt =f ,cosmt

WA m —

The displacement solution reduces to,

http://dutw1127/sam-consult/science/Dynamics/0504%20-%20Periodic%20EXxcitation.htm (2 of 3) [2/13/2002 13:52:18]



SAM-Consult - SDOF Harmonic Excitation

x(£) = xp cOS ayyf —I—F—Dsin togd +
“h

litn L[ms i — Cos mnﬁjl
2
0 —+ilyy | A — mae
vy feigd
= X[ cos mnf,—i——nsm fihad + 0%y S111 eyl
&;':"’1 .
Free wibration Ammplitude
( cotnplementaty) solution linearly
increased

This solution contains one term multiplied by t. This term will cause the displacement amplitude to
increase linearly with time as the forcing function pumps energy into the system, as shown in the
following displacement plot,

x(1) —

Soto/ 2k -

3 —
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f-(m-"m,, 67 107/,
. I
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e
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-
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-
T
i e
—-—

e
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e

The maximum displacement of an undamped system forced at its resonant frequency will increase
unbounded according to the solution for x(t) above. However, real systems will inject additional
physics once displacements become large enough. These additional physics (nonlinear plastic
deformation, heat transfer, buckling, etc.) will serve to limit the maximum displacement exhibited by
the system, and allow one to escape the "sudden death” impression that such systems will immediately
fail.

-—
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Dynamics. General Forcing

Eommon Methods for Solving'GeneraI Forcing Conditions
The vibration of alinear system under a general forcing function f(t) can be solved by either of the
following,

» Convolution Integral

 Laplace Transform

These are briefly discussed in the following sections.

fa
=

Convolution Integral
Consider alinear system where (by definition) the response to a general excitation can be obtained by
a superposition of simple excitation responses.

One of the ssimplest excitations is the delta function (or impulse function) which has the important
property:

I3
fﬂﬂm_ﬂm:{g{f) 1 <t <ty

otherw se
|

This property states that a general forcing function 7 (£} defined in theinterval (t , ty) can be

expressed as the superposition (or integration) of many delta functions with magnitude 7t}
positioned throughout the excitation time interval.

Hence, if we define our forcing function f(t) as equaling the sum of delta functions when inside the
timeinterval t; tot,,

Iz
70 = [ r@s¢—odr

]

and equaling zero otherwise, the displacement response x(t) of alinear SDOF system subjected to f(t)
is then given by,

2
x@) = [ 7(De-nar

]

The function g(t) is the impulse response of the system. By definition, a system's impulse responseis
equal to x(t) when f(t) isjust a single delta function,
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JiE) =80

Y
L

Laplace Transform

When the response of alinear system is difficult to obtain in the time domain (for example, say the
Convolution Integral did not permit a closed form solution), the Laplace transform can be used to
transform the problem into the frequency domain. The Laplace Transform of h(t) is defined by,

e} =H(s)= [ St (o)t

Transforming a SDOF equation of motion converts an ODE into an algebraic expression which is
typically much easier to solve. After obtaining a solution for the displacement X(s) in the frequency
domain, the inverse Laplace Transform is used to find x(t), where the inverse transform is defined by,

cHu () =)

Vibration analysis often makes use of the frequency domain method, especially in the field of control
theory, since the method is straightforward and systematic. However, the inverse transform can be
difficult to find for complex systems.
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Dynamics. Glossary

lossary
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!

Beat Phenomenon
When atwo degree-of-freedom system has two closely spaced natural frequencies, w,; and w,,
vibration kinetic energy will transfer from one degree-of-freedom to the other in a periodic
fashion. The frequency of this transfer is known as the beat frequency, given by (0w, - W) / 2.

Critical Damping
The minimum damping that results in non-periodic motion of a system under free vibration.

Damping Ratio
The ratio of a system's actual damping to its critical damping. When less than 1, the system in
underdamped and will exhibit ringing when disturbed. When larger than 1, the systemis

overdamped and disturbances will die out without ringing.

Degree-of-Freedom
In the smplest of cases, a degree-of-freedom is an independent displacement or rotation that a

system may exhibit. A degree-of-freedom for a system is analogous to an independent variable
for amathematical function. All system degrees-of-freedom must be specified to fully

characterize the system at any given time.

Free Body Diagram
A schematic isolating an object (or part of an object) from its environment for the purpose of

revealing all external forces and moments acting on the object. Free body diagrams are helpful in
applying Newton's 2nd Law of motion to objects.

Maxwell's Reciprocity Theorem
For two identically-sized forces applied at the distinct points A and B on alinear structure,
Maxwell’ s Reciprocity Theorem states that the displacement at A caused by theforce at B isthe
same as the displacement at B caused by the force at A. Asaresult, the flexibility matrix (and its

inverse, the stiffness matrix) of linear systems is symmetric.

Natural Frequency
A freguency where a system resonance exists. If excited at this frequency, the system will exhibit

very large displacements (for low damping levels). If the system is undamped, then vibrations
can occur at the natural frequency without any external excitation indefinitely.

Resonance
A condition where very little energy input into a structure results in a very large displacement

(for low damping levels). By definition, resonances occur at the natural frequencies of a system.
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Dynamics. Multiple Degree of Freedom

mmmmm

K/I ultiple Degr ee-of-Freedom Example

mmmmm

Consider the 3 degree-of-freedom system,

I,
v [ FWWwWwaw— ]
A L,

/] k,

- (e
E— (/.

|_.'I.I' —F_I'1 |—I-_I'j

(t)

l.;.

There are 3 degrees of freedom in this problem since to fully characterize the system we must know
the positions of the three masses (X4, X,, and Xgz).

Three free body diagrams are needed to form the equations of motion. However, it is also possible to
form the coefficient matrices directly, since each parameter in a mass-dashpot-spring system has a
very distinguishable role.

ot
L

Equations of Motion from Free Body Diagrams

e

L

The equations of motion can be obtained from free body diagrams, based on the Newton's second law
of motion, F = m*a.
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The equations of motion can therefore be expressed as,

ma

HT‘.I‘.

m,x,

mi

X topE Hk Hhs g x —Egxg — Ry xs = A8
maXy topaky — caaky + Uk Hhs)xg —kox) —iaxs = )
X Fopaky —opp iy 0y H g dxs —hsxg —hkgyx = S

In matrix form the equations become,

Yy §] §] 3'!.‘:'1

0 i )] 3'!.‘:'2 + | O Ty

§ § B .?'if3

Cyn i
0 —Cya7
ﬁil + i 7+ ff.q
_ k—z

—Hy

—Cyz || %z |+

—kq ||| | A
—ky ||x|=|J2 @)
£y iy ||xm] [ f3)

[

Equations of Motion from Direct Matrix Formation

[
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Observing the above coefficient matrices, we found that all diagonal terms are positive and contain
terms that are directly attached to the corresponding elements.

Furthemore, all non-diagonal terms are negative and symmetric. They are symmetric since they are
attached to two elements and the effects are the same in these two elements (a condition known as
Maxwell's Reciprocity Therorem). They are negative due to the relative displacements/vel ocities of

the two attached elements.

In summary,

1.

Determine the number of degrees of freedom for the problem; this determines the
size of the mass, damping, and stiffness matrices. Typically, one degree of freedom
can be associated with each mass.

Enter the mass values (if associated with a degree of freedom) into the diagonals of
the mass matrix; the exact ordering does not matter. All other values in the mass
matrix are zero.

py 00
M={0 m O
O

For each mass (associated with a degree of freedom), sum the damping from all
dashpots attached to that mass; enter this value into the damping matrix at the
diagonal location corresponding to that mass in the mass matrix.

.51}1 ? ?
C = 7 .:1}2 7
? ? .f.l.} 2

|dentify dashpots that are attached to two masses; label the masses as m and n. Write
down the negative dashpot damping at the (m, n) and (n, m) locations in the damping
matrix. Repeat for al dashpots. Any remaining terms in the damping matrix are zero.

Fosl () ()

O —epy oz
For each mass (associated with a degree of freedom), sum the stiffness from all

springs attached to that mass; enter this value into the stiffness matrix at the diagonal
location corresponding to that mass in the mass matrix.
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kyt+ha +hkg Y i
K= ) kq + ks f
7 7 kg kg

6. ldentify springs that are attached to two masses; label the masses as mand n. Write
down the negative spring stiffness at the (m, n) and (n, m) locations in the stiffness
matrix. Repeat for all springs. Any remaining terms in the stiffness matrix are zero.

kyt+ha +hkg —k3 —kq
K= —k kq + ks —k3
—ky —k3  k3tiy

7. Sum the external forces applied on each mass (associated with a degree of freedom);
enter this value into the force vector at the row location corresponding to the row
location for that mass (in the mass matrix).

A
=\
73

8. Theresulting matrix equation of motion is,

ME+CX+ KX =F

mp 0 0% | |6y 0 0|34
=0 mz Ofx|+|0 & —Ga|xz|+
0 0 B 0 —opr S |3
itk 4y —iry —kq || 3 FiiEs
—£; Ri+Ry Ry ||z |=|2 @
—#y —k3 Ry dRgx] SO
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Dynamics. Moving Vehicle Example

Vehicle Traveling over a Bumpy Road

Consider asimple model of avehicle moving over a bumpy road asillustrated in the following figure.
Assume that the vehicle vibrates only in the vertical direction, the stiffness and damping effects of the
tire can be neglected, and the tire has good traction and never |leaves the road surface.

I — V= Consk
,]".
Cy k
:F.T m ﬂ ¥
J!Raeuﬂ(x) = Fﬁum.l' Si" (EMF’;L)
L —

The free body diagram of this moving-base system can beillustrated as,

F = i

g mj

‘-?LU-E'J;R-: wrcl }l l ;ﬂ:}"—;l. R Hﬂ'}

The equation of motion is thus,

#Y 0, (Y —VRoad ) T4V —YRoad ) =V

Suppose that the vehicle istraveling at a constant speed, v, and the road roughness can be
approximated by the equation,

YFRoad (%) = YRopg sin

AT ]
The road roughness can then be rewritten in terms of time (instead of position),
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YRoad &) = FRogq #n [ETmﬁ]= TRoad 11 62

2
where @ = ——

The harmonic moving base system is then equivalent to a harmonic vibration excitation with the
eguation of motion,

Y ey iy = cpwlRngg o i+ T Ragg sin @i

Since we seek the steady state solution for this problem (there are no "initial conditions" to prescribe),
the displacement solution is just the particular solution for this problem,

i —|-|[-:?1,,u:un:l2

(ﬁ:—mmz )2 + (cpm:lg

where & = tan | [iz] A= tan ! [i]

k—mm Tt

Xp = Foad cc}s(m.ﬁ—a—,{?)

Note that if we had initial conditions, then we would need to also find the complimentary solution and
weight the sum of the complimentary and particular solutions such that the initial conditions were
satisfied. However, due to the damping in this system, the complimentary solution would die away
exponentially and after a period of time only the particular solution (i.e. steady state solution) would
remain.
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Dynamics. Accelerometer Example

......

Accelerometer

L

An accelerometer attached to alarger object can be modeled as a single degree-of-freedom vibration
system excited by a moving base.

......

- ~
- -,
Y Accelerometer

le

VBase Cy k

T V- .J"I'.'J.'l_l;e' o

o .
/s /S S S
Object

The above accelerometer model can be analyzed by the following free body diagram,

F = i

‘-TLU-?'J-?U.",_';E-:'.JL l R-U"',.]' '11'.'}.",_','&'-'.'.'} my Hriﬁ_i_j ':I'.“J.",_-;e.:-.')
=, = }'rr'
The equation of motion then becomes,

s e oy = _P?Ei}DbjecI

We assume that the object is under the harmonic excitation, Y¥cibject () = Fobject 510 @£ t0
simplify the forcing function. The equation of motion becomes,

wisf o + o =mm2}"gbjgﬂ 3if1 Gof

g =
L

Accelerator Displacement Solution

L

......
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The steady state solution for the accelerometer is found to be,

Mstaady (&) = H sin [t — )

where the amplitude H, the phase @, the damping ratio ¢, and the natural frequency w,, are given by,

2
£x)
[E FCEJJ’E-:E
H =
G 2
e e
o 2
o= — ) :
1_[1]
L. mn -
__ Cyp
. SRy,
i
ey = ,|—
4

Most accelerometers are constructed with a small mass and a short stiff spring, such that the natural
frequency wy, is much higher than the working frequency w. As aresult, the denominator of the

amplitude H is approximately 1,

Thisisimportant because the accel erometer can now track the acceleration of the target object
directly, without the need for any amplitude corrections. To see this, compare the simplified
displacement of the accelerometer with the acceleration amplitude of the target object, Aopject,

2

e} .

H stacdy (£) 7 [m_] FGEJ;’E!-:E S (m.ﬁ— ';g;l
H
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_ .2
HG'E;;"&.:I - W FG'-E'_;"&.::I

Observe that the target object's accel eration amplitude is contained within the accelerometer's
displacement directly,

N steqrdy ()~ - 7 sin(we — )

For { = 0.707, the effective frequency range can be up to 0.4 wy, with less than 1% error. In fact, the
results are often acceptable up to 0.6 w,, without adjustment.

For modern piezoel ectric accelerometers, the damping ratio is close to zero. In addition, their massis
very small (approx. 10 grams; less than 1 0z) and they have avery high stiffness, resulting in natural
frequencies of 30 kHz or more. Hence their working range can extend up to 5 kHz or higher.

ot
L

Seismometer

In contrast to small accelerometers, bulky transducers with large masses and soft springs would have
very small natural frequencies. If the natural frequency is much smaller than the working frequency,
then the amplitude H from above simplifies even more,

£ ]

2 2
e

The displacement of the object can then be obtained directly (adjusted for a phase delay),
L) "“:"Fﬂbjer:r 5N [m.ﬁ— '?’:'

Thiskind of transducer is used as a seismometer to detect earthquakes, or as vibrometers to measure
vibration displacements. For { = 0.707, the effective frequency range can be aslow as 3 w;,
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Fluid M echanics; Overview

......

Fluid Preliminaries

By definition, afluid isamaterial continuum that is unable to withstand a static shear stress. Unlike
an elastic solid which responds to a shear stress with a recoverable deformation, a fluid responds with
an irrecoverable flow.

m¥

¢

......

V ariables needed to define afluid and its environment are:

Quantity Symbol Object Units
pressure P scalar N/m?2
velocity Y vector m/s
density D scalar kg/m3
viscosity L scalar kg/m-s
body force b vector N/kg
time t scalar S

Examples of fluidsinclude gases and liquids. Typically, liquids are considered to be incompressible,
whereas gases are considered to be compressible. However, there are exceptionsin everyday
engineering applications.

(= =

Types of Flow; Reynolds Number

......

Fluid flow can be either laminar or turbulent. The factor that determines which type of flow is present
isthe ratio of inertiaforces to viscous forces within the fluid, expressed by the nondimensional
Reynolds Number,

where V and D are afluid characteristic velocity and distance. For example, for fluid flowing in a
pipe, V could be the average fluid velocity, and D would be the pipe diameter.

Typically, viscous stresses within a fluid tend to stabilize and organize the flow, whereas excessive
fluid inertia tends to disrupt organized flow leading to chaotic turbulent behavior.

Fluid flows are laminar for Reynolds Numbers up to 2000. Beyond a Reynolds Number of 4000, the
flow is completely turbulent. Between 2000 and 4000, the flow isin transition between laminar and
turbulent, and it is possible to find subregions of both flow types within a given flow field.

......

e
L
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Governing Equations

L

Laminar fluid flow is described by the Navier-Stokes equations. For cases of inviscid flow, the
Bernoulli equation can be used to describe the flow. When the flow is zero (i.e. statics), thefluid is
governed by the laws of fluid statics.
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Fluid M echanics; Navier Stokes

Navier-Stokes Equations

L
L

Z%

¢

The motion of a non-turbulent, Newtonian fluid is governed by the Navier-Stokes equation:

—_

- - 1 -
% p +ﬁ(?2v)+§;¢(?[‘?"v))+ﬂh =ov  compressible fluid
—ﬁp +p:(ﬁ2v)+ﬂh =av  incompressible fluid

The above equation can also be used to model turbulent flow, where the fluid parameters are
interpreted as time-averaged values.

The time-derivative of the fluid velocity in the Navier-Stokes equation is the material derivative,
defined as:

s

vE —+v'VY

dt

convection
term

The material derivativeisdistinct from anormal derivative because it includes a convection term, a
very important term in fluid mechanics. This unique derivative will be denoted by a"dot" placed
above the variable it operates on.

ot
L

Navier-Stokes Background

L

On the most basic level, laminar (or time-averaged turbulent) fluid behavior is described by a set of
fundamental equations. These equations are:

,é+p|[ﬁ"v:]=[:] fluid continuity

ook T+goh=pov equation of motion
2 o .

T=-pI-—p(eD)I+2pD  constitutive relation

D=—[v‘?’+"?’v) fluid kinem atics

The Navier-Stokes equation is obtained by combining the fluid kinematics and constitutive relation
into the fluid equation of motion, and eliminating the parameters D and T. These terms are defined
bel ow:
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Quantity Symbol Object Units
fluid stress T 2nd order tensor N/m?
strain rate D 2nd order tensor s
unity tensor I 2nd order tensor 1
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Fluid M echanics: Bernouilli

......

ernoulli Equation

% O¥

......

A non-turbulent, perfect, compressible, and barotropic fluid undergoing steady motion is governed by
the Bernoulli Equation:

e :
—+zt+t—=( [sﬂ‘mmﬁiﬂej
2g g

where g is the gravity acceleration constant (9.81 m/s?; 32.2 ft/s?), V is the velocity of the fluid, and z
Is the height above an arbitrary datum. C remains constant along any streamline in the flow, but varies

from streamline to streamline. If the flow isirrotational, then C has the same value for all streamlines.
The function £ isthe "pressure per density” in the fluid, and follows from the barotropic equation of
state, p = p(p).

For an incompressible fluid, the function £ simplifiesto p/p, and the incompressible Bernoulli
Equation becomes:

ot
L

Derivation from Navier-Stokes

L

......

......

The Navier-Stokes equation for a perfect fluid reduce to the Euler Equation:

_ a _
—Yp+poh=p [a—:+V'?v]

Rearranging, and assuming that the body force b is due to gravity only, we can eventually integrate
over space to remove any vector derivatives,
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D=;—ij+v'ﬁ'v+ﬁ(ﬁ+gz)

e 1 -
', sfreamiling) = Ia—;cﬁxg + EVE + P+ gz
If the fluid motion is also steady (implying that all derivatives with respect to time are zero), then we

arrive at the Bernoulli equation after dividing out by the gravity constant (and absorbing it into the
constant C),

e :
—+zt+t—=( [sﬂ‘mmﬁiﬂej
2g g

Note that the fluid's barotropic nature allowed the following chain rule application,
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Fluid M echanics; Fluid Statics

......

r

Fluids at Rest
A barotropic, compressible fluid at rest is governed by the statics equation,
&
fp=-g Iﬂﬁ
1)

where zis the height above an arbitrary datum, and g is the gravity acceleration constant (9.81 m/s?;
32.2 ft/s?). This equation describes the pressure profile of the atmosphere, for example.

For an incompressible fluid, the statics equation simplifies to,

dp =—pgle

This equation describes the pressure profile in abody of water, or in a manometer.

If the fluid is compressible but barotropic, then the density and the pressure can be integrated into the
"pressure per density” function £, giving the following alternate form for the compressible fluid

statics equation,

P(p)=-gie

Note that the equation at the top of the page can still be applied though, as it makes no assumption on
the fluid's equation of state.

[a -
e

Derivation from Navier-Stokes

L

The Navier-Stokes equation for afluid at rest reduce to,

......

—Vp+ph =0

Rearranging, and assuming that the body force b is due to gravity only, we can integrate over space to
remove any vector derivatives,
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—_

Wp = _-C'Eiz
&
piz)=pizg)-g Iﬂﬁ
Z0

For the barotropic fluid case, the derivation can be repeated in afashion similar to that of Bernoulli,

1= !
——Vp-giz =0
3]

-

dP -~ -
~ o ve~Vig) =0
e
f’(ﬁ'+gz)=[]
Ptghe=0
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Fluid M echanics. Glossary

Glossary

bar otropic

compressible

density, p

incompressible

inviscid

irrotational

laminar

(non-turbulent)

M ach

Newtonian

perfect

A barotropic fluid is one whose pressure and density are related by an equation of
state that does not contain the temperature as a dependent variable. Mathematically,

the equation of state can be expressed as p = p(p) or p = p(p).

A fluid flow is compressible if its density p changes appreciably (typicaly by afew
percent) within the domain of interest. Typically, thiswill occur when the fluid
velocity exceeds Mach 0.3. Hence, low velocity flows (both gas and liquids) behave
incompressibly.

The mass of fluid per unit volume. For a compressible fluid flow, the density can
vary from place to place.

Anincompressible fluid is one whose density is constant everywhere. All fluids
behave incompressibly (to within 5%) when their maximum velocities are bel ow
Mach 0.3.

Not viscous.

Anirrotational fluid flow is one whose streamlines never loop back on themselves.
Typically, only inviscid fluids can be irrotational. Of course, a uniform viscid fluid
flow without boundariesis aso irrotational, but thisis a specia (and boring!) case.

An organized flow field that can be described with streamlines. In order for laminar
flow to be permissible, the viscous stresses must dominate over the fluid inertia
stresses.

Mach number is the relative velocity of afluid compared to its sonic velocity. Mach
numbers less than 1 correspond to sub-sonic velocities, and Mach numbers > 1
correspond to super-sonic velocities.

A Newtonian fluid is a viscous fluid whose shear stresses are alinear function of the
fluid strain rate. Mathematically, this can be expressed as: Tj; = Kjjgp* Dpg, Where tj; is
the shear stress component, and Dy, are fluid strain rate components.

A perfect fluid is defined as afluid with zero viscosity (i.e. inviscid).
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rotational A rotational fluid flow can contain streamlines that loop back on themselves. Hence,
fluid particles following such streamlines will travel along closed paths. Bounded
(and hence nonuniform) viscous fluids exhibit rotational flow, typically within their
boundary layers. Since all real fluids are viscous to some amount, all real fluids
exhibit alevel of rotational flow somewhere in their domain. Regions of rotational
flow correspond to the regions of viscous losses in afluid. Inviscid fluid flows can
also be rotational, but these are special nonphysical cases. For an inviscid fluid flow
to be rotational, it must be set up that way by initial conditions. The amount of
rotation (called the velocity circulation) in an inviscid fluid flow is conserved,
provided that the fluid is aso barotropic and subject only to conservative body forces.
This conservation is known as Kelvin's Theorem of constant circulation.

Stokesian A Stokesian (or non-Newtonian) fluid is a viscous fluid whose shear stresses are a
non-linear function of the fluid strain rate.

streamline A path in asteady flow field along which a given fluid particle travels.

turbulent A flow field that cannot be described with streamlines in the absolute sense.
However, time-averaged streamlines can be defined to describe the average behavior
of the flow. In turbulent flow, the inertia stresses dominate over the viscous stresses,
leading to small-scale chaotic behavior in the fluid motion.

viscosity, u A fluid property that relates the magnitude of fluid shear stresses to the fluid strain
rate, or more ssimply, to the spatial rate of change in the fluid velocity field.
Mathematically, thisis expressed as: T = p* (dV/dy), where T is the shear stressin the
same direction asthe fluid velocity V, and y is a direction perpendicular to the fluid
velocity direction.
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Heat Transfer: | ntroduction

asics of Heat Transfer

% O¥

In the simplest of terms, the discipline of heat transfer is concerned with only two things:
temperature, and the flow of heat. Temperature represents the amount of thermal energy available,
whereas heat flow represents the movement of thermal energy from place to place.

On amicroscopic scale, thermal energy isrelated to the kinetic energy of molecules. The greater a
material's temperature, the greater the thermal agitation of its constituent molecules (manifested both
in linear motion and vibrational modes). It is natural for regions containing greater molecular kinetic
energy to pass this energy to regions with less kinetic energy.

Several material properties serve to modulate the heat tranfered between two regions at differing
temperatures. Examples include thermal conductivities, specific heats, material densities, fluid
velocities, fluid viscosities, surface emissivities, and more. Taken together, these properties serve to
make the solution of many heat transfer problems an involved process.

fa
=

Heat Transfer M echanisms

L

Heat transfer mechanisms can be grouped into 3 broad categories:

Conduction: Regions with greater molecular kinetic energy will passtheir thermal energy to
regions with less molecular energy through direct molecular collisions, a process
known as conduction. In metals, a significant portion of the transported thermal
energy is also carried by conduction-band electrons.

Convection: When heat conducts into a static fluid it leads to alocal volumetric expansion. As a
result of gravity-induced pressure gradients, the expanded fluid parcel becomes
buoyant and displaces, thereby transporting heat by fluid motion (i.e. convection) in
addition to conduction. Such heat-induced fluid motion in initialy static fluidsis
known as fr ee convection.

For cases where the fluid is already in motion, heat conducted into the fluid will be
transported away chiefly by fluid convection. These cases, known as for ced

convection, require a pressure gradient to drive the fluid motion, as opposed to a
gravity gradient to induce motion through buoyancy.

Radiation: All materials radiate thermal energy in amounts determined by their temperature,
where the energy is carried by photons of light in the infrared and visible portions of
the electromagnetic spectrum. When temperatures are uniform, the radiative flux
between objectsisin equilibrium and no net thermal energy is exchanged. The
balance is upset when temperatures are not uniform, and thermal energy is
transported from surfaces of higher to surfaces of lower temperature.
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Heat Transfer: Conduction

r

© T

ourier Law of Heat Conduction

When there exists atemperature gradient within abody, heat energy will flow from the region of high
temperature to the region of low temperature. This phenomenon is known as conduction heat transfer,
and is described by Fourier's Law (named after the French physicist Joseph Fourier),

q=-kvT

This equation determines the heat flux vector g for a given temperature profile T and thermal
conductivity k. The minus sign ensures that heat flows down the temperature gradient.

fa
=

Heat Equation (Temperature Deter mination)

L

The temperature profile within abody depends upon the rate of itsinternally-generated heat, its
capacity to store some of this heat, and its rate of thermal conduction to its boundaries (where the heat
Is transfered to the surrounding environment). Mathematically thisis stated by the Heat Equation,

o1p 197 _ 1
o Of

if
ioE

along with its boundary conditions, equations that prescribe either the temperature T on, or the heat
flux g through, all of the body boundaries Q,

Tl ) = TZ‘;JJ‘E!&:J‘!'-EJEd
g(idp) = f prescribed
L, by = 62

In the Heat Equation, the power generated per unit volume is expressed by ggen. The thermal
diffusivity a isrelated to the thermal conductivity k, the specific heat ¢, and the density p by,

For Steady State problems, the Heat Equation ssimplifiesto,

=7 1
WOl = _E'?'gan

ot
L

Derivation of the Heat Equation
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ot
L

The heat equation follows from the conser vation of energy for a small element within the body,

changein
heat conducted + heat generated _ heat conducted . energy
in within a out stored
within
Mathematically, this equation is expressed as,
= e
Wl Sy T —
B

The change in internal energy eisrelated to the body's ability to store heat by raising its temperature,
given by,

e AT
— = e —

i e

One can substitute for q using Fourier's Law of heat conduction from above to arrive at the Heat
Equation,

W Ii—ﬁsﬁ'T:l =Ggen ~OC %

— 7 AT
-k T +,:u:§ = G gen
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Heat Transfer: 1-Dimensional Heat Conduction
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For problems where the temperature variation is only 1-dimensional (say, along the x-coordinate
direction), Fourier's Law of heat conduction simplies to the scalar equations,

- sl
dx

dx

where the heat flux g depends on a given temperature profile T and thermal conductivity k. The minus

sign ensures that heat flows down the temperature gradient.
In the above equation on the right, Q represents the heat flow through a defined cross-sectional area

A, measured in watts,
5= [q-as
A

Integrating the 1D heat flow equation through a material's thickness Ax gives,

'—E _
Q—m(ﬂ )

where T, and T, are the temperatures at the two boundaries.

......

ot
L

The R-Valuein Insulation

L

In general terms, heat transfer is quantified by Newton's Law of Cooling,
0= hA AT
where h isthe heat transfer coefficient. For conduction, hisafunction of the thermal conductivity and

the materia thickness,

In words, h represents the heat flow per unit area per unit temperature difference. The larger hiis, the

larger the heat transfer Q.
Theinverse of his commonly defined as the R-value,
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The R-value is used to describe the effectiveness of insulations, since as the inverse of h, it represents
the resistance to heat flow. The larger the R, the less the heat flow (2.

Ris often expressed in imperial units when listed in tables. Conversion to Sl-unitsis provided in the
Units Section.

To convert Rinto athermal conductivity k, we must divide the thickness of the insulation by the R
value (or just solve for k from the above equation),

k=2%
K
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Heat Transfer: Electrical Analogy

lectrical Analogy for 1D Heat Conduction

e

¥ Mm%

By comparing the steady state heat flow equation with Ohm's Law for current flow through aresistor,
we see that they have similar forms,

.k 1
0-—(0-%) o I-2(-%)

We can therefore draw the following analogies:

Heat Flow, = Current, |

Temperature Difference, T, - T, — Voltage Difference, V; - V,

Thermal Resistance, Ry = Ax/k*A = Electrical Resistance, R

The electrical to heat conduction analogy allows one to apply laws from circuit theory to solve more
complicated conduction problems, such as the heat flow through conducting layers attached in parallel

or series.
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Heat Transfer: Symbols
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Notation and symbols commonly used in conduction theory are summarized bel ow:

I ndependent Parameters

Quantity Symbol Object Units
temperature T scalar K
time t scalar S
thermal conductivity k scalar W/m-K
specific heat c scalar Jkg-K
density p scalar kg/m3
internal heat generation Ogen scalar W/m3

Dependent Parameters

Quantity Symbol Object Units

thermal diffusivity a scalar m?2/s

heat flux q vector W/m2

1-D heat flux q scalar W/m2
heat transfer rate O scalar w
total heat & scalar J

ot
L

A Noteon theq's

o
L

......

Confusion can arise over the notation used to describe heat flux, total heat flow, and total heat,
especially since they all involve some permutation of the letter g.

In an effort to fully clarify the usage of g here, please note the following interdependencies, explained
both with math and with words:

Mathematical Relationships

o q Ugen
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fa 2 2
0 0= [0 a 0= [[a-ana | 0= [$age av d
fl f1 A nv
5 O=[qad | Q=(agn av
A ¥
dg e
q cf__qggn _d
I nter pretations
Q q Ugen

Tota heat tranfered | Total heat tranfered
Isthe heat tranfer through area A isthe
(. rate summed over heat flux integrated
the timeinterval. over A and thetime
interval.

Total heat generated in volume V isthe
heat generation rate integrated over V
and thetime interval.

Heat transfer rate

Steady-state heat transfer rate out of a

- acrossan area Aisthe |volumeV isthe heat generation rate
& heat flux integrated integrated over V.
over A.
One-dimensional version of the
q conservation of energy statement, where

eistheinternal energy density reflected
in the bodies temperature.
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Heat Transfer: Convection

Introduction

Y

!

Heat energy transfers between a solid and a fluid when there is a temperature difference between the
fluid and the solid. Thisis known as "convection heat transfer". Generally, convection heat transfer
can not be ignored when there is a significant fluid motion around the solid.

The temperature of the solid due to an external field such as fluid buoyancy can induce afluid motion.
Thisis known as "natural convection" and it is a strong function of the temperature difference
between the solid and the fluid. Blowing air over the solid by using external devices such as fans and
pumps can also generate a fluid motion. Thisis known as "forced convection”.

Fluid mechanics plays a major role in determining convection heat transfer. For each kind of
convection heat transfer, the fluid flow can be either laminar or turbulent. Laminar flow generally
occursin relatively low velocities in a smooth laminar boundary layer over smooth small objects,
while turbulent flow forms when the boundary layer is shedding or breaking due to higher velocities
or rough geometries.
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Heat Transfer: Non-Dimensional Parameters

......

Non-Dimensional Parameters

is is common with fluid mechanics analysis, a number of dimensionless parameters are employed to
describe convective heat transfer. A summary of these variablesisincluded in the following tables:

General Convection (Forced and Free)

Parameter Formula | nter pretation

_ _ v _©Tp¥ |Ratioof fluid velocity boundary layer thicknessto the
AR MLz | b= o a e fluid temperature boundary layer thickness.

ik Ratio of heat transfered from surface to heat conducted

Nusselt Number: Mg = ? away by fluid.

Forced Convection Only

Parameter Formula I nter pretation

u,l _ pui,l | Ratioof fluid inertia stress to viscous stress
(for flow over flat plates).

Reynolds Number: | fep =

¥ L
1w, L) pu, L) .
Reynolds Number: | Rep = = (Reynolds Number for pipe flow).
¥ b
i M

Stanton Number: | = =

PE s Re Fr

Free Convection Only

Parameter Formula I nter pretation

=
Grashof Number: | 3 = M Ratio of fluid buoyancy stress to viscous stress.

I«*E

Rayleigh Number: | Ra= Gr. Fr
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Heat Transfer: Forced Convection

ewton's Law of Cooling

¢ =%

The essential ingredients of forced convection heat transfer analysis are given by Newton's L aw of

Cooling,

The rate of heat Q transfered to the surrounding fluid is proportional to the object's exposed area A,

and the difference between the object temperature T,,, and the fluid free-stream temperature 7-_ .

The constant of proportionality h is termed the convection heat-transfer coefficient. Other terms

......

......

Q=hA(T, ~ T, )= hAd AT

describing h include film coefficient and film conductance.

fa

Definition of Symbols

I ndependent Parametersfor the Fluid

......

......

Quantity Symbol Object Units
free-stream temperature T scalar K
free-stream velocity %4 o scalar m/s
kinematic viscosity Vv scalar mé/s
dynamic viscosity H scalar kg/m-s
density scalar kg/m3
thermal diffusivity a scalar m2/s
specific heat Cp scalar Jkg-K
thermal conductivity k scalar W/m-K
I ndependent Parametersfor the Object
Quantity Symbol Object Units
surface reference length L scalar m
surface diameter (for pipes) D scalar m
surface (wall) temperature Tw scalar K

http://dutw1127/sam-consult/science/Heat_Transfer/0908%20-%20Forced%20Convection.htm (1 of 2) [2/13/2002 13:52:36]




SAM-Consult - Heat Transfer Forced Convection

Dependent Parameters

Quantity Symbol Object Units
surface to fluid temp. difference AT scalar K
heat transfer coefficient h scalar W/m2-K
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Heat Transfer: Flow Profile Over a Flat Plate

Iow Profile Over a Flat Plate

e T

Two-dimensional flow analysis over aflat plate serves well to illustrate several key conceptsin forced
convection heat transfer.

The viscosity of the fluid requires that the fluid have zero velocity at the plate's surface. Asaresult a

boundary layer exists where the fluid velocity changes from ;.. inthe free stream (far from the plate)

to zero at the plate. Within this boundary layer, the flow isinitially laminar but can proceed to
turbulence once the Reynolds Number Re of the flow is sufficiently high. The transition from laminar
to turbulent for flow over aflat plate occursin the range,

D X

L

3x10°<Re, <3x 106, Re, =

For the current problem, we consider that the plate is heated starting at a point X = X and continuing
downstream. Furthermore we assume that the plate is maintained at constant temperature T,,, making
this problem isother mal. We are interested only in laminar flow, so it is assumed that the plate
length L is sufficiently short such that turbulent flow is never triggered (i.e. Re, < 3 x 10°).

Y

Nusselt Number Calculation

L

An analysis of the fluid flow over the plate that considers conservation of momentum and energy,
including the effects of viscosity, temperature, and heat entering the fluid from the plate, resultsin the
following equation for the Nusselt Number Nu as a function of X,

oLl
Nu(x}=[].332 )

]

The Nusselt Number is anon-dimensional ratio of the heat entering the fluid from the surface to the
heat conducted away by the fluid. It is defined by the equation,

BLx1x

MNu(x) =

The Prandtl Number Pr is anon-dimensional ratio of the viscous boundary layer thicknessto the
thermal boundary layer thickness. It is defined by the equation,
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If the plate (of length L) is uniformly heated over its entirety (xg = 0), then the average Nusselt
Number isfound to be,

Ny = 0.664- (P fRey

ot
L

Heat Transfer Calculation

L

The Nusselt Number equation can be used to calculate the heat transfer coefficient h via,

k
Rlate = ENHL

which can then be used to calculate the heat convected away by the fluid via Newton's Law of
cooling,

O = b ATy — T
Optege = 0.664: (Pr? Rey -%&T

Since fluid properties (such as viscosity, diffusivity, etc.) can vary significantly with temperature,
there can be some ambiguity as to which temperature one should use to select property values. The
recommended approach is the use the average of the wall and free-stream temperatures, defined as the
film temperature T,
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Heat Transfer: Free Convection

......

ewton's Law of Cooling

¢ =%

......

Similar to forced convection, heat transfer due to free convection is described by Newton's L aw of
Cooling,

Q=hA(T, -~ T, )= hd AT

The rate of heat Q transfered to the surrounding fluid is proportional to the object's exposed area A,

and the difference between the object temperature T, and the fluid free-stream temperature 7. .

The constant of proportionality h is termed the convection heat-transfer coefficient. Other terms
describing h include film coefficient and film conductance.

V ariables needed to parameterize free convection are:

ot

Definition of Symbols

......

......

Independent Parametersfor the Fluid

Quantity Symbol Object Units
bulk temperature T scalar K
kinematic viscosity Vv scalar m2/s
coef. of thermal expansion B scalar /K

dynamic viscosity H scalar kg/m-s
density o) scalar kg/m3

thermal diffusivity a scalar m?2/s
specific heat Cp scalar Jkg-K
thermal conductivity Kk scalar W/m-K

Independent Parametersfor the Object
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Quantity Symbol Object Units
surface reference length L scalar m
surface diameter (for pipes) D scalar m
surface (wall) temperature Tw scalar K

Dependent Parameters

Quantity Symbol Object Units
surface to fluid temp. difference M scalar K
heat transfer coefficient h scalar W/m2-K
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Heat Transfer: Radiation

Introduction

Y
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Radiation heat transfer is concerned with the exchange of thermal radiation energy between two or
more bodies. Thermal radiation is defined as electromagnetic radiation in the wavelength range of 0.1
to 100 microns (which encompasses the visible light regime), and arises as a result of atemperature
difference between 2 bodies.

No medium need exist between the two bodies for heat transfer to take place (as is needed by
conduction and convection). Rather, the intermediaries are photons which travel at the speed of light.

The heat transferred into or out of an object by thermal radiation is afunction of severa components.
These include its surface reflectivity, emissivity, surface area, temperature, and geometric orientation
with respect to other thermally participating objects. In turn, an object's surface reflectivity and
emissivity isafunction of its surface conditions (roughness, finish, etc.) and composition.

ot

Absor ption and Emissivity

L

Radiation heat transfer must account for both incoming and outgoing thermal radiation.

Incoming radiation can be either absorbed, reflected, or transmitted. This decomposition can be
expressed by the relative fractions,

1= Eraflactad t Fabsorbed T Stranamitied

Since most solid bodies are opaque to thermal radiation, we can ignore the transmission component
and write,

1= Eraflactad t Ehsorbed

To account for abody's outgoing radiation (or its emissive power, defined as the heat flux per unit
time), one makes a comparison to a perfect body who emits as much thermal radiation as possible.
Such an object is known as a blackbody, and the ratio of the actual emissive power E to the emissive

power of ablackbody is defined as the surface emissivity €,

E
E —
E&Fﬂﬂ.ﬁ:ﬂdy

By stating that a body's surface emissivity is equal to its absorption fraction, Kirchhoff's | dentity
binds incoming and outgoing radiation into a useful dependent relationship,

£ T Eabsorbed
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Heat Transfer: Black Body Radiation

: 0%

lackbody Radiation Heat Transfer

!

The heat emitted by a blackbody (per unit time) at an absolute temperature of T is given by the
Stefan-Boltzmann Law of thermal radiation,

0= AoT" - ALy ibody

where Q has units of Watts, A isthe total radiating area of the blackbody, and o isthe
Stefan-Boltzmann constant.

A small blackbody at absolute temperature T enclosed by a much larger blackbody at absolute
temperature T, will transfer anet heat flow of,

0= Aot -7

Why isthisa"net" heat flow? The small blackbody still emits atotal heat flow given by the
Stefan-Boltzmann law. However, the small blackbody also receives and absorbs all the thermal
energy emitted by the large enclosing blackbody, which is afunction of its temperature T.. The

difference in these two heat flows isthe net heat flow lost by the small blackbody.

ot

Gray Body Radiation Heat Transfer

Bodies that emit less thermal radiation than a blackbody have surface emissivities € less than 1. If the

surface emissivity is independent of wavelength, then the body is called a"gray" body, in that no
particular wavelength (or color) isfavored.

The net heat transfer from a small gray body at absolute temperature T with surface emissivity € to a
much larger enclosing gray (or black) body at absolute temperature T, is given by,

0= edo(T* -4
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Heat Transfer: Radiation View Factors

r

adiation View Factors

& o

The above equations for blackbodies and graybodies assumed that the small body could see only the
large enclosing body and nothing else. Hence, al radiation leaving the small body would reach the
large body. For the case where two objects can see more than just each other, then one must introduce
aview factor F and the heat transfer cal culations become significantly more involved.

The view factor F1, is used to parameterize the fraction of thermal power leaving object 1 and
reaching object 2. Specifically, this quantity is equal to,
: _ 4
(y = Afpaod
Likewise, the fraction of thermal power leaving object 2 and reaching object 1 is given by,

: 4
(hy = Axf a0y

The case of two blackbodies in thermal equilibrium can be used to derive the following reciprocity
relationship for view factors,

AR = ARy

Thus, once one knows F4,, F»; can be calculated immediately.

Radiation view factors can be analytically derived for simple geometries and are tabulated in several
references on heat transfer (e.g. Holman, 1986). They range from zero (e.g. two small bodies spaced
very far apart) to 1 (e.g. one body is enclosed by the other).

ot
L

Heat Transfer Between Two Finite Graybodies

L

The heat flow transfered from Object 1 to Object 2 where the two objects see only afraction of each
other and nothing else is given by,
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This equation demonstrates the usage of F1,, but it represents a non-physical case since it would be

Impossible to position two finite objects such that they can see only a portion of each other and
"nothing" else. On the contrary, the complementary view factor (1 - F,) cannot be neglected as

radiation energy sent in those directions must be accounted for in the thermal bottom line.

A more realistic problem would consider the same two objects surrounded by athird surface that can
absorb and readmit thermal radiation yet is non-conducting. In this manner, al thermal energy that is
absorbed by this third surface will be readmitted; no energy can be removed from the system through
this surface. The equation describing the heat flow from Object 1 to Object 2 for this arrangement is,

-1

5= 1‘E1+ﬂ1+1‘-’9‘31‘-‘1i12+[1‘52]ﬂ1 AoT -1
i Ay A(F) 2 )4
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Heat Transfer: Glossary

Glossary

blackbody

density, p

emissive power

graybody

heat flux, q

internal energy, e

radiation view
factor, Fq»

rate of heat
gener ation, Qgen

specific heat, c

Stefan-Boltzmann
constant, o

A body with a surface emissivity of 1. Such abody will emit al of the
thermal radiation it can (as described by theory), and will absorb 100% of the
thermal radiation striking it. Most physical objects have surface emissivities
less than 1 and hence do not have blackbody surface properties.

The amount of mass per unit volume. In heat transfer problems, the density
works with the specific heat to determine how much energy a body can store
per unit increase in temperature. Its units are kg/ms.

The heat per unit time (and per unit area) emitted by an object. For a
blackbody, thisis given by the Stefan-Boltzmann relation o* T4

A body that emits only afraction of the thermal energy emitted by an
equivalent blackbody. By definition, a graybody has a surface emissitivy less
than 1, and a surface reflectivity greater than zero.

Therate of heat flowing past a reference datum. Its units are W/m?2.

A measure of the internal energy stored within amaterial per unit volume.
For most heat transfer problems, this energy consists just of thermal energy.
The amount of thermal energy stored in a body is manifested by its
temperature.

The fraction of thermal energy leaving the surface of object 1 and reaching
the surface of object 2, determined entirely from geometrical considerations.
Stated in other words, F5 is the fraction of object 2 visible from the surface
of object 1, and ranges from zero to 1. This quantity is also known as the
Radiation Shape Factor. Its units are dimensionless.

A function of position that describes the rate of heat generation within a
body. Typically, this new heat must be conducted to the body boundaries and
removed via convection and/or radiation heat transfer. Its units are W/ms3.

A material property that indicates the amount of energy abody stores for
each degree increase in temperature, on a per unit mass basis. Its units are
Jkg-K.

Constant of proportionality used in radiation heat transfer, whose valueis
5.669 x 10-8 W/m2-K 4. For a blackbody, the heat flux emitted is given by the
product of o and the absolute temperature to the fourth power.
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surface emissitivy, €

thermal conductivity, k

thermal diffusivity, a

The relative emissive power of a body compared to that of an ideal
blackbody. In other words, the fraction of thermal radiation emitted
compared to the amount emitted if the body were a blackbody. By definition,
a blackbody has a surface emissivity of 1. The emissivity is aso equal to the
absorption coefficient, or the fraction of any thermal energy incident on a
body that is absorbed.

A material property that describes the rate at which heat flows within a body
for a given temperature difference. Its units are W/m-k.

A material property that describes the rate at which heat diffuses through a
body. It is afunction of the body's thermal conductivity and its specific heat.
A high thermal conductivity will increase the body's thermal diffusivity, as
heat will be able to conduct across the body quickly. Conversely, ahigh
specific heat will lower the body's thermal diffusivity, since heat is
preferentially stored as internal energy within the body instead of being
conducted through it. Its units are m2/s.
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